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6. Data Representation

• The approach for learning from data


• Probabilistic modeling and algebraic manipulation


• Diagrammatic representation is often extremely useful


• Probabilistic graphical modeling


• Visualize the structure


• Infer dependence based on inspection of the graph


• Simplify complex computations
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• Examples of graphical modeling in engineering problems 


• Circuit diagrams


• Signal flow diagrams


• Trellis diagrams


• Block diagrams
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• A graph can be viewed as the simplest way to represent a complex system 
where 


• Vertices are simplest units of the system


• Edges represent their mutual interactions
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• Elements


• Nodes or vertices


• A random variable (data) or a group of random variables


• Links or edges


• Probabilistic relationships between the variables
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• Examples of graphs
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• A typical graph representing data
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• RAH2 node is influencing several nodes
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• Another example
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• neurons’ spike



• does neuron 3 excite neuron 8?



• does neuron 3 excite neuron 8?



• Did neuron 3 causally influence firing of neuron 8?

Neuron 3

Neuron 8

…00011110000001001100001100000001100001…

…00000111100000010111100001100000001111…
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• Learning from graphs


• Identifying important features of data from graphs


• A graph G = (V,E) with V as the set of vertices and E as the set of edges


• A graph is simple if it has no parallel edges and no loops


• Adjacent edges and adjacent vertices are defined as the terms suggest


• The degree of vertex v is d(v) as the number of edges with v as the end


• A pendant vertex is a vertex with degree 1.
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• A graph is called regular if all vertices have the same degree


• In an undirected graph each edge is an unordered pair of vertices ( u, v )  

• In a directed graph each edge is an ordered pair of vertices ( u, v ) 
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• In degree of vertex v in a directed graph is the number of edges with v as the 
end


• Out degree of vertex v in a directed graph is the number of edges with as the 
tail


• An isolated vertex is one with degree 0. In degree and out degree 0 in a 
directed graph.
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• For undirected graph we define the following concepts and properties


• Some definitions can be extended to directed graphs


• Minimum degree of a graph 


• Maximum degree of a graph 
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• It can be shown that for a graph G = ( V, E ) with n vertices and m edges then


• A graph G = ( V, E ) is a subgraph of graph H = ( W, F ) if V is a subset of W 
and every edge in E is also an edge in F.  


• A complete graph is a simple graph with all the possible edges


• A complete subgraph of graph G is called a clique.
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• The density of a graph G = ( V, E )  is defined as 


• The density of a complete graph is 1


• The adjacency matrix of graph G is a n x n matrix  
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• The spectrum of graph G = ( V, E ) is the set of eigenvalues of the adjacency 
matrix and their eigenvectors. 


• The Laplacian matrix of graph G = ( V, E ) is defined as 


• where the diagonal degree matrix, D is defined as

�22



• The normalized Laplacian is


• The Laplacian matrix carries some of the key properties of a graph.


• Since the adjacency and Laplacian matrices are symmetric their eigenvalues 
are real.


• The eigenvalues of the normalized Laplacian are in [0, 2].


• This fact makes it convenient to compare the spectral properties of two 
graphs. 
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• Two graphs are isomorphic if any two vertices of one are adjacent if and only 
if the equivalent vertices in the other graph are also adjacent
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• Graphs that have the same spectrum are referred to as cospectral ( or 
isospectral)


• If two graphs have the same eigenvalues but different eigenvectors they are 
referred to as weakly cospectral.


• Although adjacency matrix of a graph depends on the labeling of the vertices, 
the spectrum of a graph is independent of labeling. 


• Isomorphic graphs are cospectral but not all cospectral graphs are 
isomorphic
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• The complement of graph G = ( V, E ) is 


• where the edges in complement graph are the ones not in E 

• Common binary and linear operations can be defined for graphs


• Complement, union, intersection, ring sum, …


• examples of commutative and associative operations.

�26
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• A community is a group of vertices that “belong together” according to some 
criterion that could be measured


• An example, a group of vertices where the density of edges between the 
vertices in the group is higher than the average edge density in the graph


• In some literature a community is also referred to as a module or a cluster. 
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• Examples
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Just previously, we showed that for the adjacency matrix, A, the aij entries in A
k represent the number of

walks of length k between vertices i and j. Therefore the sum of the aij entry in A+A
2 +A

3 + · · ·+A
n�1

equals the number of walks from vi to vj that are of length n� 1 or less.

Note that the maximum diameter of a connected graph of order n is n � 1. Thus
n�1P
k=1

A
k has positive

integer entries for all aij if the graph is connected. Therefore we can find a walk of length n � 1 or less

between any two vertices. The diameter of a graph G, is the minimum value of r such that
rP

k=1
A

k has

positive entries for all aij .

For complex graphs with a large number of vertices, finding the value of r will require much computation.
We can use the matrix (A+ I) to make the process of finding the value of r easier.

Notice that (A+ I)r =
rP

k=0

�r
k

�
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r�k
I
k

= A
r +

✓
r
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◆
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I
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k
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r +

✓
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◆
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✓
r

2

◆
A

r�2 + · · ·+ I

We can ignore the binomial coe�cients because we are only concerned whether the values of aij are non-zero
and we do not care about their exact integer value.

Thus, the diameter of a graph, G is the minimum value of r such that (A + I)r has positive entries for
aij 8i, j.

Corollary 2.1. Let B = (I +A). G is connected if and only if (B)n�1
has non zero entries in bij for 8i, j.

2.2 Types of Graphs

In this section we will introduce some of the common types of graphs which will appear throughout the
paper. The graphs are a path, Pn, a cycle, Cn, a star, Sn, a complete graph, Kn, a bipartite graph, and a
complete bipartite graph Kx,y.

Path A path graph, Pn is a connected graph of n vertices where 2 vertices are pendant and the other n�2
vertices are of degree 2. A path has n� 1 edges.

Below is the graph P5.

1 2 3 4 5

Figure 2.1 P5

The adjacency matrix of a path Pn is:

APn =

2

6666666664

0 1 0 0 · · · 0 0
1 0 1 0 · · · 0 0
0 1 0 1 · · · 0 0
0 0 1 0 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 0 1
0 0 0 0 · · · 1 0

3

7777777775

where aij = 1 if |i� j| = 1 and aij = 0 otherwise.

3

Cycle A cycle graph is a connected graph on n vertices where all vertices are of degree 2. A cycle graph
can be created from a path graph by connecting the two pendant vertices in the path by an edge. A cycle
has an equal number of vertices and edges.

Below is the graph C4.

2
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4

Figure 2.2 C4

The adjacency matrix of a cycle graph Cn is:

ACn =

2

6666666664

0 1 0 0 · · · 0 1
1 0 1 0 · · · 0 0
0 1 0 1 · · · 0 0
0 0 1 0 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 0 1
1 0 0 0 · · · 1 0

3

7777777775

where aij = 1 if |i� j| = 1 or (n� 1) and aij = 0 otherwise.

Complete Graph A complete graph Kn is a connected graph on n vertices where all vertices are of degree
n � 1. In other words, there is an edge between a vertex and every other vertex. A complete graph has
n(n�1)

2 edges.

Below is the graph K5.
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Figure 2.3 K4

The adjacency matrix of a complete graph Kn is:

AKn =

2

6666666664
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where aij = 1 if |i� j| 6= 0 and aij = 0 otherwise.

Bipartite Graph A bipartite graph is a graph on n vertices where the vertices are partitioned into two
independent sets, V1 and V2 such that there are no edges between vertices in the same set.

An example Bipartite graph on 6 vertices:

1 2 3

4 5 6

Figure 2.4 Bipartite Graph

The general form for the adjacency matrix of a bipartite graph is:

A =


O B

B
T

O

�

where B is x⇥ y matrix in which |V1| = x and |V2| = y where x+ y = n.

Complete Bipartite Graph A complete bipartite graph Kx,y is a bipartite graph in which there is an
edge between every vertex in V1 and every vertex in V2.

Below is the complete bipartite graph K3,3.

1 2 3

4 5 6

Figure 2.5 K3,3

The general form for the adjacency matrix of a bipartite graph is:

AKx,y =


O C

C
T

O

�

where C is the x⇥ y matrix in which all entries are 1.

Star A star graph, Sn, is a connected graph on n vertices where one vertex has degree n� 1 and the other
n � 1 vertices have degree 1. A star graph is a special case of a complete bipartite graph in which one set
has 1 vertex and the other set has n� 1 vertices. Sn = K1,n�1.

Below is the graph S5.

1

2

3 4

5

5

2.4 Spectrum

In the previous section we showed how graphs can not only be represented as a picture but also be represented
in matrix form. We now to introduce some ideas from linear algebra, as we will be working with matrices.
In particular, we will introduce ideas that still relate to graphs.

Definition 2.12. An eigenvalue is a root of the characteristic polynomial associated with a matrix.

This set of all eigenvalues of the adjacency matrix is referred to as the adjacency spectrum of a graph.
The set of all n eigenvalues of the n ⇥ n adjacency matrix is denoted as {�1,�2, . . . ,�n} where �i � �j for
8i < j.

Simularly, the set of eigenvalues of the laplacian martix is refered to as the laplacian spectrum of a
graph. The set of all n eigenvalues of the n⇥ n laplacian matrix is denoted as {⌫1, ⌫2, . . . , ⌫n} where ⌫i � ⌫j

for 8i < j.
Because both the adjacency and laplacian matrices are symmetric, we are guaranteed to only get real

eigenvalues.

Definition 2.13. The trace of a matrix is the sum of the entries along the main diagonal. Trace A =
nP

i=1
aii.

From the definition of the adjacency matrix, aii = 0 for 8i. For the laplacian matrix, aii = di for 8i.
Because traceA =

nP
i=1

�i and traceL =
nP

i=1
⌫i, we get the following equations for the eigenvalues of the

adjacency and laplacian matrices.

• trace(A) =
nP

i=1
�i = 0

• trace(L) =
nP

i=1
⌫i =

nP
i=1

di =
e(G)
2

Let G be the graph of 4 vertices used earlier in this report. The pertinent matrices corresponding with
this graph are:

1 2

3 4

D =

2

664

1 0 0 0
0 2 0 0
0 0 1 0
0 0 0 0

3

775 A =

2

664

0 1 0 0
1 0 1 0
0 1 0 0
0 0 0 0

3

775 L =

2

664

1 �1 0 0
�1 2 �1 0
0 �1 1 0
0 0 0 0

3

775

To find the eigenvalues of L we need to solve for ⌫ in the equation:

det(⌫I � L) = 0

det

2

664

⌫ � 1 1 0 0
1 ⌫ � 2 1 0
0 1 ⌫ � 1 0
0 0 0 ⌫

3

775 = ⌫ ⇥ det

2

4
⌫ � 1 1 0
1 ⌫ � 2 1
0 1 ⌫ � 1

3

5

The eigenvalues of the laplacian matrix are {⌫1, ⌫2, ⌫3, ⌫4} = {3, 1, 0, 0} and the eigenvalues of the adja-
cency matrix are {�1,�2,�3,�4} = {

p
2, 0, 0,�

p
2}.

In summary, the eigenvalues of the adjacency matrix are denoted �i whereas the eigenvalues of the laplacian
matrix are denoted ⌫i.
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• Example 6.1. 


• The eigenvalues of adjacency matrix


• The eigenvalues of the Laplacian matrix 


• One isolated vertex and two pendent vertices
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<latexit sha1_base64="x7ULC+U1QTnMK88yvbshZn/ptRQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCuqt6MVjBWMLbSib7aZdutnE3U2hhP4OLx5UvPpnvPlv3KY5aOtjBh7vzbCzz485U9q2v63Cyura+kZxs7S1vbO7V94/eFRRIgl1ScQj2faxopwJ6mqmOW3HkuLQ57Tlj25nfmtMpWKReNCTmHohHggWMIK1kbwqOj9DTlb2aa9csWt2BrRMnJxUIEezV/7q9iOShFRowrFSHceOtZdiqRnhdFrqJorGmIzwgHYMFTikykuzo6foxCh9FETStNAoU39vpDhUahL6ZjLEeqgWvZn4n9dJdHDlpUzEiaaCzB8KEo50hGYJoD6TlGg+MQQTycytiAyxxESbnEomBGfxy8vErdeua/b9RaVxk6dRhCM4hio4cAkNuIMmuEDgCZ7hFd6ssfVivVsf89GCle8cwh9Ynz+UGI7p</latexit><latexit sha1_base64="x7ULC+U1QTnMK88yvbshZn/ptRQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCuqt6MVjBWMLbSib7aZdutnE3U2hhP4OLx5UvPpnvPlv3KY5aOtjBh7vzbCzz485U9q2v63Cyura+kZxs7S1vbO7V94/eFRRIgl1ScQj2faxopwJ6mqmOW3HkuLQ57Tlj25nfmtMpWKReNCTmHohHggWMIK1kbwqOj9DTlb2aa9csWt2BrRMnJxUIEezV/7q9iOShFRowrFSHceOtZdiqRnhdFrqJorGmIzwgHYMFTikykuzo6foxCh9FETStNAoU39vpDhUahL6ZjLEeqgWvZn4n9dJdHDlpUzEiaaCzB8KEo50hGYJoD6TlGg+MQQTycytiAyxxESbnEomBGfxy8vErdeua/b9RaVxk6dRhCM4hio4cAkNuIMmuEDgCZ7hFd6ssfVivVsf89GCle8cwh9Ynz+UGI7p</latexit><latexit sha1_base64="x7ULC+U1QTnMK88yvbshZn/ptRQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCuqt6MVjBWMLbSib7aZdutnE3U2hhP4OLx5UvPpnvPlv3KY5aOtjBh7vzbCzz485U9q2v63Cyura+kZxs7S1vbO7V94/eFRRIgl1ScQj2faxopwJ6mqmOW3HkuLQ57Tlj25nfmtMpWKReNCTmHohHggWMIK1kbwqOj9DTlb2aa9csWt2BrRMnJxUIEezV/7q9iOShFRowrFSHceOtZdiqRnhdFrqJorGmIzwgHYMFTikykuzo6foxCh9FETStNAoU39vpDhUahL6ZjLEeqgWvZn4n9dJdHDlpUzEiaaCzB8KEo50hGYJoD6TlGg+MQQTycytiAyxxESbnEomBGfxy8vErdeua/b9RaVxk6dRhCM4hio4cAkNuIMmuEDgCZ7hFd6ssfVivVsf89GCle8cwh9Ynz+UGI7p</latexit>



• Example 6.1


• Alternative adjacency and Laplacian matrices are


• Eigenvalues of A and L are 

�30

A =

2

664

0 0 1 0
0 0 0 0
1 0 0 1
0 0 1 0

3

775

<latexit sha1_base64="caRub333yfoJVHuL+HTSH+OfpQ8=">AAACTHicbZBLSwMxEMez9V1fVY9egkXxVDYi6EWoevGoYB/QXUo2O63BbHZJsmJZ+gG9ePDmp/DiQRHBdLtqfQwM+fObmWTyDxLBtXHdR6c0NT0zOze/UF5cWl5ZraytN3WcKgYNFotYtQOqQXAJDcONgHaigEaBgFZwfTqqt25AaR7LSzNIwI9oX/IeZ9RY1K2wY3yEvQD6XGZBRI3it0Ps4p08SX563hdwPwGZAGSyoxgBGX5f161U3ZqbB/4rSCGqqIjzbuXBC2OWRiANE1TrDnET42dUGc4EDMteqiGh7Jr2oWOlpBFoP8vNGOJtS0Lci5VNaXBOJycyGmk9iALbaRe80r9rI/hfrZOa3qGfcZmkBiQbP9RLBTYxHjmLQ66AGTGwgjLF7a6YXVFFmbH+l60J5PeX/4rmXo24NXKxX62fFHbMo020hXYRQQeojs7QOWoghu7QE3pBr8698+y8Oe/j1pJTzGygH1Ga/QBbXKcu</latexit><latexit sha1_base64="caRub333yfoJVHuL+HTSH+OfpQ8=">AAACTHicbZBLSwMxEMez9V1fVY9egkXxVDYi6EWoevGoYB/QXUo2O63BbHZJsmJZ+gG9ePDmp/DiQRHBdLtqfQwM+fObmWTyDxLBtXHdR6c0NT0zOze/UF5cWl5ZraytN3WcKgYNFotYtQOqQXAJDcONgHaigEaBgFZwfTqqt25AaR7LSzNIwI9oX/IeZ9RY1K2wY3yEvQD6XGZBRI3it0Ps4p08SX563hdwPwGZAGSyoxgBGX5f161U3ZqbB/4rSCGqqIjzbuXBC2OWRiANE1TrDnET42dUGc4EDMteqiGh7Jr2oWOlpBFoP8vNGOJtS0Lci5VNaXBOJycyGmk9iALbaRe80r9rI/hfrZOa3qGfcZmkBiQbP9RLBTYxHjmLQ66AGTGwgjLF7a6YXVFFmbH+l60J5PeX/4rmXo24NXKxX62fFHbMo020hXYRQQeojs7QOWoghu7QE3pBr8698+y8Oe/j1pJTzGygH1Ga/QBbXKcu</latexit><latexit sha1_base64="caRub333yfoJVHuL+HTSH+OfpQ8=">AAACTHicbZBLSwMxEMez9V1fVY9egkXxVDYi6EWoevGoYB/QXUo2O63BbHZJsmJZ+gG9ePDmp/DiQRHBdLtqfQwM+fObmWTyDxLBtXHdR6c0NT0zOze/UF5cWl5ZraytN3WcKgYNFotYtQOqQXAJDcONgHaigEaBgFZwfTqqt25AaR7LSzNIwI9oX/IeZ9RY1K2wY3yEvQD6XGZBRI3it0Ps4p08SX563hdwPwGZAGSyoxgBGX5f161U3ZqbB/4rSCGqqIjzbuXBC2OWRiANE1TrDnET42dUGc4EDMteqiGh7Jr2oWOlpBFoP8vNGOJtS0Lci5VNaXBOJycyGmk9iALbaRe80r9rI/hfrZOa3qGfcZmkBiQbP9RLBTYxHjmLQ66AGTGwgjLF7a6YXVFFmbH+l60J5PeX/4rmXo24NXKxX62fFHbMo020hXYRQQeojs7QOWoghu7QE3pBr8698+y8Oe/j1pJTzGygH1Ga/QBbXKcu</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="BNjuhGqqTpwpTZaRplN0OKIpLhE=">AAACQXicbZBNSwMxEIZn/az1q3r1EhTFU0m86EVQvHisYFXolpJNp21oNrskWbEs/YFePHjzV3jxoIhgulatHwNDXp6ZSSZvlCppHaUPwdT0zOzcfGmhvLi0vLJaWVu6sElmBNZFohJzFXGLSmqsO+kUXqUGeRwpvIz6J6P65TUaKxN97gYpNmPe1bIjBXcetSrimBySMMKu1HkUc2fkzZBQslMkK84w/AL0E7AJwCY7xiOo29/XtSpbtEqLIH8FG4stGEetVbkP24nIYtROKG5tg9HUNXNunBQKh+Uws5hy0eddbHipeYy2mRdmDMm2J23SSYxP7UhBJydyHls7iCPf6Rfs2d+1Efyv1shc56CZS51mDrX4eKiTKeISMnKWtKVB4dTACy6M9LsS0eOGC+f9L3sT2O8v/xUXe1VGq+yMQgk2YBN2gcE+HMEp1KAOAm7hEZ7hJbgLnoLXD7umgrFv6/Ajgrd3LoKmdg==</latexit><latexit sha1_base64="BNjuhGqqTpwpTZaRplN0OKIpLhE=">AAACQXicbZBNSwMxEIZn/az1q3r1EhTFU0m86EVQvHisYFXolpJNp21oNrskWbEs/YFePHjzV3jxoIhgulatHwNDXp6ZSSZvlCppHaUPwdT0zOzcfGmhvLi0vLJaWVu6sElmBNZFohJzFXGLSmqsO+kUXqUGeRwpvIz6J6P65TUaKxN97gYpNmPe1bIjBXcetSrimBySMMKu1HkUc2fkzZBQslMkK84w/AL0E7AJwCY7xiOo29/XtSpbtEqLIH8FG4stGEetVbkP24nIYtROKG5tg9HUNXNunBQKh+Uws5hy0eddbHipeYy2mRdmDMm2J23SSYxP7UhBJydyHls7iCPf6Rfs2d+1Efyv1shc56CZS51mDrX4eKiTKeISMnKWtKVB4dTACy6M9LsS0eOGC+f9L3sT2O8v/xUXe1VGq+yMQgk2YBN2gcE+HMEp1KAOAm7hEZ7hJbgLnoLXD7umgrFv6/Ajgrd3LoKmdg==</latexit><latexit sha1_base64="w5pnD980xS2D1eagrSiRNTFe8Co=">AAACTHicbZBLSwMxEMez9V1fVY9egkXxVBIvehF8XDxWsA/olpJNpzWYzS5JVixLP6AXD978FF48KCKYblet1oEhf34zk0z+QSyFsYQ8eYWZ2bn5hcWl4vLK6tp6aWOzbqJEc6jxSEa6GTADUiioWWElNGMNLAwkNIKb81G9cQvaiEhd2UEM7ZD1legJzqxDnRI/xcfYD6AvVBqEzGpxN8QE72VJs9P3vwH5AnQC0MmOfARU9+e6TqlMKiQLPC1oLsooj2qn9Oh3I56EoCyXzJgWJbFtp0xbwSUMi35iIGb8hvWh5aRiIZh2mpkxxLuOdHEv0i6VxRmdnEhZaMwgDFynW/Da/K2N4H+1VmJ7R+1UqDixoPj4oV4isY3wyFncFRq4lQMnGNfC7Yr5NdOMW+d/0ZlA/355WtQPKpRU6CUpn5zldiyibbSD9hFFh+gEXaAqqiGO7tEzekVv3oP34r17H+PWgpfPbKFfUZj/BFocpyo=</latexit><latexit sha1_base64="caRub333yfoJVHuL+HTSH+OfpQ8=">AAACTHicbZBLSwMxEMez9V1fVY9egkXxVDYi6EWoevGoYB/QXUo2O63BbHZJsmJZ+gG9ePDmp/DiQRHBdLtqfQwM+fObmWTyDxLBtXHdR6c0NT0zOze/UF5cWl5ZraytN3WcKgYNFotYtQOqQXAJDcONgHaigEaBgFZwfTqqt25AaR7LSzNIwI9oX/IeZ9RY1K2wY3yEvQD6XGZBRI3it0Ps4p08SX563hdwPwGZAGSyoxgBGX5f161U3ZqbB/4rSCGqqIjzbuXBC2OWRiANE1TrDnET42dUGc4EDMteqiGh7Jr2oWOlpBFoP8vNGOJtS0Lci5VNaXBOJycyGmk9iALbaRe80r9rI/hfrZOa3qGfcZmkBiQbP9RLBTYxHjmLQ66AGTGwgjLF7a6YXVFFmbH+l60J5PeX/4rmXo24NXKxX62fFHbMo020hXYRQQeojs7QOWoghu7QE3pBr8698+y8Oe/j1pJTzGygH1Ga/QBbXKcu</latexit><latexit sha1_base64="caRub333yfoJVHuL+HTSH+OfpQ8=">AAACTHicbZBLSwMxEMez9V1fVY9egkXxVDYi6EWoevGoYB/QXUo2O63BbHZJsmJZ+gG9ePDmp/DiQRHBdLtqfQwM+fObmWTyDxLBtXHdR6c0NT0zOze/UF5cWl5ZraytN3WcKgYNFotYtQOqQXAJDcONgHaigEaBgFZwfTqqt25AaR7LSzNIwI9oX/IeZ9RY1K2wY3yEvQD6XGZBRI3it0Ps4p08SX563hdwPwGZAGSyoxgBGX5f161U3ZqbB/4rSCGqqIjzbuXBC2OWRiANE1TrDnET42dUGc4EDMteqiGh7Jr2oWOlpBFoP8vNGOJtS0Lci5VNaXBOJycyGmk9iALbaRe80r9rI/hfrZOa3qGfcZmkBiQbP9RLBTYxHjmLQ66AGTGwgjLF7a6YXVFFmbH+l60J5PeX/4rmXo24NXKxX62fFHbMo020hXYRQQeojs7QOWoghu7QE3pBr8698+y8Oe/j1pJTzGygH1Ga/QBbXKcu</latexit><latexit sha1_base64="caRub333yfoJVHuL+HTSH+OfpQ8=">AAACTHicbZBLSwMxEMez9V1fVY9egkXxVDYi6EWoevGoYB/QXUo2O63BbHZJsmJZ+gG9ePDmp/DiQRHBdLtqfQwM+fObmWTyDxLBtXHdR6c0NT0zOze/UF5cWl5ZraytN3WcKgYNFotYtQOqQXAJDcONgHaigEaBgFZwfTqqt25AaR7LSzNIwI9oX/IeZ9RY1K2wY3yEvQD6XGZBRI3it0Ps4p08SX563hdwPwGZAGSyoxgBGX5f161U3ZqbB/4rSCGqqIjzbuXBC2OWRiANE1TrDnET42dUGc4EDMteqiGh7Jr2oWOlpBFoP8vNGOJtS0Lci5VNaXBOJycyGmk9iALbaRe80r9rI/hfrZOa3qGfcZmkBiQbP9RLBTYxHjmLQ66AGTGwgjLF7a6YXVFFmbH+l60J5PeX/4rmXo24NXKxX62fFHbMo020hXYRQQeojs7QOWoghu7QE3pBr8698+y8Oe/j1pJTzGygH1Ga/QBbXKcu</latexit><latexit sha1_base64="caRub333yfoJVHuL+HTSH+OfpQ8=">AAACTHicbZBLSwMxEMez9V1fVY9egkXxVDYi6EWoevGoYB/QXUo2O63BbHZJsmJZ+gG9ePDmp/DiQRHBdLtqfQwM+fObmWTyDxLBtXHdR6c0NT0zOze/UF5cWl5ZraytN3WcKgYNFotYtQOqQXAJDcONgHaigEaBgFZwfTqqt25AaR7LSzNIwI9oX/IeZ9RY1K2wY3yEvQD6XGZBRI3it0Ps4p08SX563hdwPwGZAGSyoxgBGX5f161U3ZqbB/4rSCGqqIjzbuXBC2OWRiANE1TrDnET42dUGc4EDMteqiGh7Jr2oWOlpBFoP8vNGOJtS0Lci5VNaXBOJycyGmk9iALbaRe80r9rI/hfrZOa3qGfcZmkBiQbP9RLBTYxHjmLQ66AGTGwgjLF7a6YXVFFmbH+l60J5PeX/4rmXo24NXKxX62fFHbMo020hXYRQQeojs7QOWoghu7QE3pBr8698+y8Oe/j1pJTzGygH1Ga/QBbXKcu</latexit><latexit sha1_base64="caRub333yfoJVHuL+HTSH+OfpQ8=">AAACTHicbZBLSwMxEMez9V1fVY9egkXxVDYi6EWoevGoYB/QXUo2O63BbHZJsmJZ+gG9ePDmp/DiQRHBdLtqfQwM+fObmWTyDxLBtXHdR6c0NT0zOze/UF5cWl5ZraytN3WcKgYNFotYtQOqQXAJDcONgHaigEaBgFZwfTqqt25AaR7LSzNIwI9oX/IeZ9RY1K2wY3yEvQD6XGZBRI3it0Ps4p08SX563hdwPwGZAGSyoxgBGX5f161U3ZqbB/4rSCGqqIjzbuXBC2OWRiANE1TrDnET42dUGc4EDMteqiGh7Jr2oWOlpBFoP8vNGOJtS0Lci5VNaXBOJycyGmk9iALbaRe80r9rI/hfrZOa3qGfcZmkBiQbP9RLBTYxHjmLQ66AGTGwgjLF7a6YXVFFmbH+l60J5PeX/4rmXo24NXKxX62fFHbMo020hXYRQQeojs7QOWoghu7QE3pBr8698+y8Oe/j1pJTzGygH1Ga/QBbXKcu</latexit><latexit sha1_base64="caRub333yfoJVHuL+HTSH+OfpQ8=">AAACTHicbZBLSwMxEMez9V1fVY9egkXxVDYi6EWoevGoYB/QXUo2O63BbHZJsmJZ+gG9ePDmp/DiQRHBdLtqfQwM+fObmWTyDxLBtXHdR6c0NT0zOze/UF5cWl5ZraytN3WcKgYNFotYtQOqQXAJDcONgHaigEaBgFZwfTqqt25AaR7LSzNIwI9oX/IeZ9RY1K2wY3yEvQD6XGZBRI3it0Ps4p08SX563hdwPwGZAGSyoxgBGX5f161U3ZqbB/4rSCGqqIjzbuXBC2OWRiANE1TrDnET42dUGc4EDMteqiGh7Jr2oWOlpBFoP8vNGOJtS0Lci5VNaXBOJycyGmk9iALbaRe80r9rI/hfrZOa3qGfcZmkBiQbP9RLBTYxHjmLQ66AGTGwgjLF7a6YXVFFmbH+l60J5PeX/4rmXo24NXKxX62fFHbMo020hXYRQQeojs7QOWoghu7QE3pBr8698+y8Oe/j1pJTzGygH1Ga/QBbXKcu</latexit>

L =

2

664

1 0 �1 0
0 0 0 0
�1 0 2 �1
0 0 �1 1

3

775

<latexit sha1_base64="XxAVQN/QWpFxnofuE80g0cmWka4="></latexit><latexit sha1_base64="XxAVQN/QWpFxnofuE80g0cmWka4="></latexit><latexit sha1_base64="XxAVQN/QWpFxnofuE80g0cmWka4="></latexit><latexit sha1_base64="XxAVQN/QWpFxnofuE80g0cmWka4="></latexit>

(
p
2, 0, 0,�

p
2)

<latexit sha1_base64="xYS+jDtlH65OYSKhfEr6En2TB7A=">AAACBnicbVDLSsNAFJ3UV62vqEtBBotQQUtSBHVXdOOygrGFNpTJdNIOTh7O3AgldOfGX3HjQsWt3+DOv3GaBtHWw71wOOdeZu7xYsEVWNaXUZibX1hcKi6XVlbX1jfMza0bFSWSModGIpItjygmeMgc4CBYK5aMBJ5gTe/2Yuw375lUPAqvYRgzNyD9kPucEtBS19yt4I66k5DWRofYyuroR8EHXbNsVa0MeJbYOSmjHI2u+dnpRTQJWAhUEKXathWDmxIJnAo2KnUSxWJCb0mftTUNScCUm2Z3jPC+VnrYj6TuEHCm/t5ISaDUMPD0ZEBgoKa9sfif107AP3VTHsYJsJBOHvITgSHC41Bwj0tGQQw1IVRy/VdMB0QSCjq6kg7Bnj55lji16lnVujou18/zNIpoB+2hCrLRCaqjS9RADqLoAT2hF/RqPBrPxpvxPhktGPnONvoD4+MbBtiWbA==</latexit><latexit sha1_base64="xYS+jDtlH65OYSKhfEr6En2TB7A=">AAACBnicbVDLSsNAFJ3UV62vqEtBBotQQUtSBHVXdOOygrGFNpTJdNIOTh7O3AgldOfGX3HjQsWt3+DOv3GaBtHWw71wOOdeZu7xYsEVWNaXUZibX1hcKi6XVlbX1jfMza0bFSWSModGIpItjygmeMgc4CBYK5aMBJ5gTe/2Yuw375lUPAqvYRgzNyD9kPucEtBS19yt4I66k5DWRofYyuroR8EHXbNsVa0MeJbYOSmjHI2u+dnpRTQJWAhUEKXathWDmxIJnAo2KnUSxWJCb0mftTUNScCUm2Z3jPC+VnrYj6TuEHCm/t5ISaDUMPD0ZEBgoKa9sfif107AP3VTHsYJsJBOHvITgSHC41Bwj0tGQQw1IVRy/VdMB0QSCjq6kg7Bnj55lji16lnVujou18/zNIpoB+2hCrLRCaqjS9RADqLoAT2hF/RqPBrPxpvxPhktGPnONvoD4+MbBtiWbA==</latexit><latexit sha1_base64="xYS+jDtlH65OYSKhfEr6En2TB7A=">AAACBnicbVDLSsNAFJ3UV62vqEtBBotQQUtSBHVXdOOygrGFNpTJdNIOTh7O3AgldOfGX3HjQsWt3+DOv3GaBtHWw71wOOdeZu7xYsEVWNaXUZibX1hcKi6XVlbX1jfMza0bFSWSModGIpItjygmeMgc4CBYK5aMBJ5gTe/2Yuw375lUPAqvYRgzNyD9kPucEtBS19yt4I66k5DWRofYyuroR8EHXbNsVa0MeJbYOSmjHI2u+dnpRTQJWAhUEKXathWDmxIJnAo2KnUSxWJCb0mftTUNScCUm2Z3jPC+VnrYj6TuEHCm/t5ISaDUMPD0ZEBgoKa9sfif107AP3VTHsYJsJBOHvITgSHC41Bwj0tGQQw1IVRy/VdMB0QSCjq6kg7Bnj55lji16lnVujou18/zNIpoB+2hCrLRCaqjS9RADqLoAT2hF/RqPBrPxpvxPhktGPnONvoD4+MbBtiWbA==</latexit>

(3, 1, 1, 0)
<latexit sha1_base64="x7ULC+U1QTnMK88yvbshZn/ptRQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCuqt6MVjBWMLbSib7aZdutnE3U2hhP4OLx5UvPpnvPlv3KY5aOtjBh7vzbCzz485U9q2v63Cyura+kZxs7S1vbO7V94/eFRRIgl1ScQj2faxopwJ6mqmOW3HkuLQ57Tlj25nfmtMpWKReNCTmHohHggWMIK1kbwqOj9DTlb2aa9csWt2BrRMnJxUIEezV/7q9iOShFRowrFSHceOtZdiqRnhdFrqJorGmIzwgHYMFTikykuzo6foxCh9FETStNAoU39vpDhUahL6ZjLEeqgWvZn4n9dJdHDlpUzEiaaCzB8KEo50hGYJoD6TlGg+MQQTycytiAyxxESbnEomBGfxy8vErdeua/b9RaVxk6dRhCM4hio4cAkNuIMmuEDgCZ7hFd6ssfVivVsf89GCle8cwh9Ynz+UGI7p</latexit><latexit sha1_base64="x7ULC+U1QTnMK88yvbshZn/ptRQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCuqt6MVjBWMLbSib7aZdutnE3U2hhP4OLx5UvPpnvPlv3KY5aOtjBh7vzbCzz485U9q2v63Cyura+kZxs7S1vbO7V94/eFRRIgl1ScQj2faxopwJ6mqmOW3HkuLQ57Tlj25nfmtMpWKReNCTmHohHggWMIK1kbwqOj9DTlb2aa9csWt2BrRMnJxUIEezV/7q9iOShFRowrFSHceOtZdiqRnhdFrqJorGmIzwgHYMFTikykuzo6foxCh9FETStNAoU39vpDhUahL6ZjLEeqgWvZn4n9dJdHDlpUzEiaaCzB8KEo50hGYJoD6TlGg+MQQTycytiAyxxESbnEomBGfxy8vErdeua/b9RaVxk6dRhCM4hio4cAkNuIMmuEDgCZ7hFd6ssfVivVsf89GCle8cwh9Ynz+UGI7p</latexit><latexit sha1_base64="x7ULC+U1QTnMK88yvbshZn/ptRQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCuqt6MVjBWMLbSib7aZdutnE3U2hhP4OLx5UvPpnvPlv3KY5aOtjBh7vzbCzz485U9q2v63Cyura+kZxs7S1vbO7V94/eFRRIgl1ScQj2faxopwJ6mqmOW3HkuLQ57Tlj25nfmtMpWKReNCTmHohHggWMIK1kbwqOj9DTlb2aa9csWt2BrRMnJxUIEezV/7q9iOShFRowrFSHceOtZdiqRnhdFrqJorGmIzwgHYMFTikykuzo6foxCh9FETStNAoU39vpDhUahL6ZjLEeqgWvZn4n9dJdHDlpUzEiaaCzB8KEo50hGYJoD6TlGg+MQQTycytiAyxxESbnEomBGfxy8vErdeua/b9RaVxk6dRhCM4hio4cAkNuIMmuEDgCZ7hFd6ssfVivVsf89GCle8cwh9Ynz+UGI7p</latexit>



• Example 6.2


• The bipartite graph
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where aij = 1 if |i� j| 6= 0 and aij = 0 otherwise.

Bipartite Graph A bipartite graph is a graph on n vertices where the vertices are partitioned into two
independent sets, V1 and V2 such that there are no edges between vertices in the same set.

An example Bipartite graph on 6 vertices:

1 2 3

4 5 6

Figure 2.4 Bipartite Graph

The general form for the adjacency matrix of a bipartite graph is:

A =


O B

B
T

O

�

where B is x⇥ y matrix in which |V1| = x and |V2| = y where x+ y = n.

Complete Bipartite Graph A complete bipartite graph Kx,y is a bipartite graph in which there is an
edge between every vertex in V1 and every vertex in V2.

Below is the complete bipartite graph K3,3.

1 2 3

4 5 6

Figure 2.5 K3,3

The general form for the adjacency matrix of a bipartite graph is:

AKx,y =


O C

C
T

O

�

where C is the x⇥ y matrix in which all entries are 1.

Star A star graph, Sn, is a connected graph on n vertices where one vertex has degree n� 1 and the other
n � 1 vertices have degree 1. A star graph is a special case of a complete bipartite graph in which one set
has 1 vertex and the other set has n� 1 vertices. Sn = K1,n�1.

Below is the graph S5.

1

2

3 4

5

5



• Example 6.2


• The bipartite graph


• The adjacency metric 


• The Laplacian
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where aij = 1 if |i� j| 6= 0 and aij = 0 otherwise.

Bipartite Graph A bipartite graph is a graph on n vertices where the vertices are partitioned into two
independent sets, V1 and V2 such that there are no edges between vertices in the same set.

An example Bipartite graph on 6 vertices:

1 2 3

4 5 6

Figure 2.4 Bipartite Graph

The general form for the adjacency matrix of a bipartite graph is:

A =


O B

B
T

O

�

where B is x⇥ y matrix in which |V1| = x and |V2| = y where x+ y = n.

Complete Bipartite Graph A complete bipartite graph Kx,y is a bipartite graph in which there is an
edge between every vertex in V1 and every vertex in V2.

Below is the complete bipartite graph K3,3.

1 2 3

4 5 6

Figure 2.5 K3,3

The general form for the adjacency matrix of a bipartite graph is:

AKx,y =


O C

C
T

O

�

where C is the x⇥ y matrix in which all entries are 1.

Star A star graph, Sn, is a connected graph on n vertices where one vertex has degree n� 1 and the other
n � 1 vertices have degree 1. A star graph is a special case of a complete bipartite graph in which one set
has 1 vertex and the other set has n� 1 vertices. Sn = K1,n�1.

Below is the graph S5.
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3 4
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5
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• Example 6.3 


• A complete graph


• The diagonal degree matrix is D = 4xI where I is a 5x5 identity matrix


• The Laplacian is

�33

Cycle A cycle graph is a connected graph on n vertices where all vertices are of degree 2. A cycle graph
can be created from a path graph by connecting the two pendant vertices in the path by an edge. A cycle
has an equal number of vertices and edges.

Below is the graph C4.

2

1 3

4

Figure 2.2 C4

The adjacency matrix of a cycle graph Cn is:

ACn =

2

6666666664

0 1 0 0 · · · 0 1
1 0 1 0 · · · 0 0
0 1 0 1 · · · 0 0
0 0 1 0 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 0 1
1 0 0 0 · · · 1 0

3

7777777775

where aij = 1 if |i� j| = 1 or (n� 1) and aij = 0 otherwise.

Complete Graph A complete graph Kn is a connected graph on n vertices where all vertices are of degree
n � 1. In other words, there is an edge between a vertex and every other vertex. A complete graph has
n(n�1)

2 edges.

Below is the graph K5.

2

1 3

5 4

Figure 2.3 K4

The adjacency matrix of a complete graph Kn is:

AKn =

2

6666666664

0 1 1 1 · · · 1 1
1 0 1 1 · · · 1 1
1 1 0 1 · · · 1 1
1 1 1 0 · · · 1 1
...

...
...

...
. . .

...
...

1 1 1 1 · · · 0 1
1 1 1 1 · · · 1 0

3

7777777775
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• Example 6.4


• A regular graph with D = 2xI where I is a 4x4 identity matrix
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Cycle A cycle graph is a connected graph on n vertices where all vertices are of degree 2. A cycle graph
can be created from a path graph by connecting the two pendant vertices in the path by an edge. A cycle
has an equal number of vertices and edges.

Below is the graph C4.

2

1 3

4

Figure 2.2 C4

The adjacency matrix of a cycle graph Cn is:

ACn =

2

6666666664

0 1 0 0 · · · 0 1
1 0 1 0 · · · 0 0
0 1 0 1 · · · 0 0
0 0 1 0 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 0 1
1 0 0 0 · · · 1 0

3

7777777775

where aij = 1 if |i� j| = 1 or (n� 1) and aij = 0 otherwise.

Complete Graph A complete graph Kn is a connected graph on n vertices where all vertices are of degree
n � 1. In other words, there is an edge between a vertex and every other vertex. A complete graph has
n(n�1)

2 edges.

Below is the graph K5.

2

1 3

5 4

Figure 2.3 K4

The adjacency matrix of a complete graph Kn is:

AKn =

2

6666666664

0 1 1 1 · · · 1 1
1 0 1 1 · · · 1 1
1 1 0 1 · · · 1 1
1 1 1 0 · · · 1 1
...

...
...

...
. . .

...
...

1 1 1 1 · · · 0 1
1 1 1 1 · · · 1 0

3

7777777775
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• Graphs can be used to 


• efficiently compute different functions of data 


• represent data


• identify which vertices-data are significant


• reduce dimensionality and only focus on important vertices-data
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• Defining a suitable centrality metric (or index of significance) is important 


• Centrality


• Closeness


• Betweenness


• Degree


• Eigenvector


• Katz


• PageRank
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• Degree centrality


• The degree vector d = Ae where A is the adjacency matrix of the graph 
and e is the all 1 vector.
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Degree'Centrality'

When'is'the'number'of'connecHons'the'best'
centrality'measure?'

o 'people'who'will'do'favors'to'you'
o 'people'you'can'talk'to'/'have'a'beer'with'

Freeman’s'Network'Centrality'

CD = 0.167 

CD = 0.167 

CD = 1.0 

4+4+4+4+4/5*4'
1+0+0+0+1/4*3=1/6'
1+1+0+1+0+1+1/6*5=5/30'
'



• Degree centrality


• For directed graphs 


• In degree centrality


• Out degree centrality
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• Degree centrality


• For directed graphs 


• In degree centrality


• Out degree centrality
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• Degree centrality


• For directed graphs 


• In degree centrality


• Out degree centrality
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• Eigenvector centrality


• Identifying important vertices in a large network is critical problem with 
numerous applications. 


• A vertex is important if its adjacent vertices are important


•
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centrality'measure?'

o 'people'who'will'do'favors'to'you'
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Freeman’s'Network'Centrality'

CD = 0.167 

CD = 0.167 

CD = 1.0 

4+4+4+4+4/5*4'
1+0+0+0+1/4*3=1/6'
1+1+0+1+0+1+1/6*5=5/30'
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• Eigenvector centrality


• Identifying important vertices in a large network is critical problem with 
numerous applications. 


• A vertex is important if its adjacent vertices are important


•
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Degree'Centrality'

When'is'the'number'of'connecHons'the'best'
centrality'measure?'

o 'people'who'will'do'favors'to'you'
o 'people'you'can'talk'to'/'have'a'beer'with'

Freeman’s'Network'Centrality'

CD = 0.167 

CD = 0.167 

CD = 1.0 

4+4+4+4+4/5*4'
1+0+0+0+1/4*3=1/6'
1+1+0+1+0+1+1/6*5=5/30'
'

which one is 
more important?



• Eigenvector centrality


• Identifying important vertices in a large network is critical problem with 
numerous applications. 


• A vertex is important if its adjacent vertices are important


• Centrality is proportional to the centrality of adjacent vertices


• A system of equations with n unknowns
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Evi /
X

j2Ni

Evj =
X
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aijEvj
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• Eigenvector centrality


•  The eigenvector of the adjacency matrix

�44

Evi /
X

j2Ni

Evj =
X

j

aijEvj

<latexit sha1_base64="CB/yf6yMHrl/naDClZC3qYRGc80="></latexit><latexit sha1_base64="CB/yf6yMHrl/naDClZC3qYRGc80="></latexit><latexit sha1_base64="CB/yf6yMHrl/naDClZC3qYRGc80="></latexit>

�Ev = AGEv
<latexit sha1_base64="W0rWl5uT/zgnRm+FY6fdhfJih7M=">AAACAnicbVDLSgMxFL3js9bXqDvdBIvgqsyIoC6EqoguKzi20A5DJpNpQzMPkkyhDAU3/oobFypu/Qp3/o1pOwttPRA4Oedcknv8lDOpLOvbmJtfWFxaLq2UV9fWNzbNre0HmWSCUIckPBFNH0vKWUwdxRSnzVRQHPmcNvze1chv9KmQLInv1SClboQ7MQsZwUpLnrnb5jocYHTt5f0hOkfowruZXDyzYlWtMdAssQtSgQJ1z/xqBwnJIhorwrGULdtKlZtjoRjhdFhuZ5KmmPRwh7Y0jXFEpZuPdxiiA60EKEyEPrFCY/X3RI4jKQeRr5MRVl057Y3E/7xWpsJTN2dxmikak8lDYcaRStCoEBQwQYniA00wEUz/FZEuFpgoXVtZl2BPrzxLnKPqWdW6O67ULos2SrAH+3AINpxADW6hDg4QeIRneIU348l4Md6Nj0l0zihmduAPjM8fNM2WJw==</latexit><latexit sha1_base64="W0rWl5uT/zgnRm+FY6fdhfJih7M=">AAACAnicbVDLSgMxFL3js9bXqDvdBIvgqsyIoC6EqoguKzi20A5DJpNpQzMPkkyhDAU3/oobFypu/Qp3/o1pOwttPRA4Oedcknv8lDOpLOvbmJtfWFxaLq2UV9fWNzbNre0HmWSCUIckPBFNH0vKWUwdxRSnzVRQHPmcNvze1chv9KmQLInv1SClboQ7MQsZwUpLnrnb5jocYHTt5f0hOkfowruZXDyzYlWtMdAssQtSgQJ1z/xqBwnJIhorwrGULdtKlZtjoRjhdFhuZ5KmmPRwh7Y0jXFEpZuPdxiiA60EKEyEPrFCY/X3RI4jKQeRr5MRVl057Y3E/7xWpsJTN2dxmikak8lDYcaRStCoEBQwQYniA00wEUz/FZEuFpgoXVtZl2BPrzxLnKPqWdW6O67ULos2SrAH+3AINpxADW6hDg4QeIRneIU348l4Md6Nj0l0zihmduAPjM8fNM2WJw==</latexit><latexit sha1_base64="W0rWl5uT/zgnRm+FY6fdhfJih7M=">AAACAnicbVDLSgMxFL3js9bXqDvdBIvgqsyIoC6EqoguKzi20A5DJpNpQzMPkkyhDAU3/oobFypu/Qp3/o1pOwttPRA4Oedcknv8lDOpLOvbmJtfWFxaLq2UV9fWNzbNre0HmWSCUIckPBFNH0vKWUwdxRSnzVRQHPmcNvze1chv9KmQLInv1SClboQ7MQsZwUpLnrnb5jocYHTt5f0hOkfowruZXDyzYlWtMdAssQtSgQJ1z/xqBwnJIhorwrGULdtKlZtjoRjhdFhuZ5KmmPRwh7Y0jXFEpZuPdxiiA60EKEyEPrFCY/X3RI4jKQeRr5MRVl057Y3E/7xWpsJTN2dxmikak8lDYcaRStCoEBQwQYniA00wEUz/FZEuFpgoXVtZl2BPrzxLnKPqWdW6O67ULos2SrAH+3AINpxADW6hDg4QeIRneIU348l4Md6Nj0l0zihmduAPjM8fNM2WJw==</latexit>

Freeman’s'Network'Centrality'

CD = 0.167 

CD = 0.167 

CD = 1.0 

4+4+4+4+4/5*4'
1+0+0+0+1/4*3=1/6'
1+1+0+1+0+1+1/6*5=5/30'
'

AG =

0

BBBBBBBB@

0 1 0 0 0 0 1
1 0 1 0 0 0 1
0 1 0 1 0 0 0
0 0 1 0 1 1 0
0 0 0 1 0 1 0
0 0 0 1 1 0 0
1 1 0 0 0 0 0

1

CCCCCCCCA

<latexit sha1_base64="p8UVQdBZqEJvR9e6+XNFNBvoGAw="></latexit><latexit sha1_base64="p8UVQdBZqEJvR9e6+XNFNBvoGAw="></latexit><latexit sha1_base64="p8UVQdBZqEJvR9e6+XNFNBvoGAw="></latexit>



• Eigenvector centrality


•  The eigenvector of the adjacency matrix
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Freeman’s'Network'Centrality'
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• Intuition starts with degree centrality


• Degree vector


• Incorporating the degree of the neighbors

�46

X =

0

BBBBBBBB@

2
3
2
3
2
2
2

1

CCCCCCCCA

<latexit sha1_base64="pmaZH83MZka9fQeDBeF0POrK0IY="></latexit><latexit sha1_base64="pmaZH83MZka9fQeDBeF0POrK0IY="></latexit><latexit sha1_base64="pmaZH83MZka9fQeDBeF0POrK0IY="></latexit>

AGX =

0

BBBBBBBB@

0 1 0 0 0 0 1
1 0 1 0 0 0 1
0 1 0 1 0 0 0
0 0 1 0 1 1 0
0 0 0 1 0 1 0
0 0 0 1 1 0 0
1 1 0 0 0 0 0

1

CCCCCCCCA

0

BBBBBBBB@

2
3
2
3
2
2
2

1

CCCCCCCCA

=

0

BBBBBBBB@

5
6
6
6
5
5
5

1

CCCCCCCCA

<latexit sha1_base64="uNDXFoRYStUaRjTjJBqMaPFhKjg="></latexit><latexit sha1_base64="uNDXFoRYStUaRjTjJBqMaPFhKjg="></latexit><latexit sha1_base64="uNDXFoRYStUaRjTjJBqMaPFhKjg="></latexit>



• The process of adjusting the significance of a node based on the significance 
of neighbors can continue till the adjustment settles


• Leading to an eigenvector of the matrix A
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• The set of eigenvalues are -1.81 -1.00  -1.00 -1.00 0.47 2.00 2.34


• The eigenvector corresponding to the largest eigenvalue will have non-
negative elements since the adjacency matrix has non-negative elements 
( from the Perron-Frobenius theorem)


• That is also the best lower rank approximation of the matrix A


• Eigenvalue 2.34 and the corresponding eigenvector
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• Eigenvalue 2.34 and the corresponding eigenvector


• The average degree of vertices is 2.28


• It can be shown that 2.28 < 2.34 < 3, that is, the value of the largest 
eigenvalue of A is between the average degree and the maximum degree of 
the vertices


• The consequence of eigenvector centrality is to only focus on critical vertices 
and reduce the dimensionality of the problem. 
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• Graphs to better understand dynamics of networks
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Aphasia

• An impairment of language, affecting the production or comprehension of speech 
and … 


• Often due to injury to the brain


• Most commonly from a stroke …



The language system

• Unique to human


• Impact of aphasia


• How we process visual information


• How we recall


• How we articulate


• How we speak



Our understanding today

• Inferences based on responses in high gamma power 


• >60 Hz



Our understanding today

• Visual cortex

1	



• Left temporal cortex (processing of semantics)

1	
2	

Our understanding today



• Broca region (speech production)

1	
2	

3	

Our understanding today



• Motor cortex

1	
2	

3	 4	

Our understanding today



Our curiosity

• Inference based on responses in high gamma power 


• High gamma >60 Hz


• What are the underlying mechanisms of our language region?


• Are there causal relations among recorded signals?


• Are there coupling (coherency) among recordings in different frequencies?


• How are the network dynamics as language is produced?



The experiment

0 sec
image 
shown 2 sec 5 sec

fixation cross 
shown

Trial 1 Trial 2

  stimulus onset

start of articulation



Recordings

• Electro-cortico-graphy (ecog)


• Learn language production


• 7 epileptic patients



Recordings

• Local field potentials LFP (time series)


• Spatio-temporal analysis


• 100-300 time series


• 200-500 trials

0 1 2 3 4 5
Time(sec)

Channel 1

Channel 2

Channel 3

Channel 4

Channel 5



Graphs

• Spatial relationships


• Undirected


• Coherency of time series


• Coherency in high gamma


• Directed


• Causal relation


• Information flow

0 1 2 3 4 5
Time(sec)

Channel 1

Channel 2

Channel 3

Channel 4

Channel 5



Back to language production 

• Electrodes as vertices


• Edges


• Undirected: coupling at different frequencies


• Directed: causal relation


• Graph dynamics as language is produced

MIf subgraph at articulation
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Graphical analysis-undirected

• edges


• undirected: coupling at high gamma

MIf subgraph at articulation
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Graphical analysis-undirected

• Edges


• Undirected: coupling at high gamma


• Graph density


• The degree of vertex v is d(v) as the number of edges of  v

⇢(G) =
1/2

Pn
i=1 d(vi)�n
2

�
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Graphical analysis-undirected

• Edges


• Undirected: coupling at high gamma
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Multiscale graphical analysis-directed

• Coarse scale: graph density


• Intermediate scale: louvain community


• Fine scale: in degree and out degree



Multiscale graphical analysis-directed

• Coarse scale: graph density


• Increase in graph density prior to articulation

⇢(G) =
1/2

Pn
i=1 d(vi)�n
2

�
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(a) Patient 1: Connection density
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(b) Patient 2: Connection density
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(c) Patient 3: Connection density
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(d) Patient 4: Connection density
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(e) Patient 5: Connection density
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(g) Patient 7: Connection density

Fig. 4: The X-axis labels are the mid points of the 256ms wide windows. The connection densities of each patient are expected
to be di↵erent, as coverage is di↵erent. However, despite the di↵erences, each patient tends to have atleast one local peak
shortly before articulation, and one or more smooth peaks based on coverage after articulation, leads us to hypothesize that
brain connectivity peaks until a ”local decision” is made. A peak in the SA windows could be due to the decision of finding
the word, the peak before articulation is the brain ”deciding” the articulatory codes, and the peak after articulation can be
explained with increased connectivity when the person hears themselves speak.

• louvain community detection, with time (intermediary
statistic - reveals modules with strong intermodule connec-
tivity, weakly connected to other modules)

• in-degree of each node, with time (micro statistic - how
does sink strength of nodes vary with time)

• out-degree of each node, with time (micro statistic - how
does source strength of nodes vary with time)

Connection density:
To calculate the connection density, we use a binarized version
of the directed thresholded graphs. The connection density is
a global network statistic, and we plotted this for 52 time win-
dows, for n=7 patients, and the results are shown in Fig. 4.
Every patient’s connection density versus time graph is dif-
ferent, as each patient’s brain is unique and the coverage of
the brain is di↵erent for each person. However, despite the
di↵erences, some common patterns can be seen. The con-
nection densities vary smoothly across time windows, with a
local maximum occurring prior to articulation. For all n=7
patients, this peak occurs in the windows prior to the patient
starting to articulate, with n=3 patients having a peak almost
exactly at the -256 to 0ms window.

Kcores identity of each node, versus time:
The Kcores analysis was performed on directed binary graphs.
Kcores of a graph are a set of connected components that re-
main, after all vertices of degree less than k have been removed.
For example, to find a 3-core graph, we delete all nodes with
degree less than 3, and then calculate the degees of all nodes

again. If any node degree falls below 3, we delete those too,
and we repeat until all nodes have a degree � 3. To find the
kcore identity of each node, we start by finding the 1-core net-
work, for which we find the isolated 0-degree nodes, and give
them a kcore identity value of 0, and delete those nodes from
the network. We then find the 2-core network, and the nodes
that were deleted at this step are given the k-core identity
value of 1. We repeat this process until every node is given
a kcore identity value and we find the highest kcore network
of each graph, at each point in time. By plotting the kcore
identity values of all nodes versus time as a heatmap, we can
find out the highest kcore network each node belonged to, in
each time window. Unlike in-degree and out-degrees of nodes,
which is a zoomed in nodal view of a graph, the kcore iden-
tity tends to identify the connectivity of the core components
of the graph, and is a more intermediary view of the graph.
The heatmaps of the kcore node identities are shown in Fig.
5. The results show a remarkable delineation of connectivity
in time and was able to identify windows important to the
processing were the connectivity did indeed go up. The aver-
age kcores identity across nodes is very strongly related to the
connection density (correlation > 0.99), as shown by the plots
below each heat map. These results further support the idea
that the brain does indeed get more and more connected to
more nodes as it makes a decision, and the connections start
to go down during articulation, while repeating this process
when hearing themselves speak, and reaching “decisions” to
an internal activity again.

4 www.pnas.org/cgi/doi/10.1073/pnas.0709640104 Footline Author
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Multiscale graphical analysis-directed

• Coarse scale: graph density


• Increase in graph density prior to articulation

⇢(G) =
1/2

Pn
i=1 d(vi)�n
2
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Multiscale graphical analysis-directed

• Coarse scale: graph density


• Intermediate scale: louvain clusters

⇢(G)
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multiscale graphical analysis-directed

• Coarse scale: graph density


• Intermediate scale: louvain clusters


• identifying significant clusters 


• a practical algorithm to find “best” clustering


• density of intra-cluster edges to inter cluster edges

⇢(G)
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Multiscale graphical analysis-directed

• Coarse scale: graph density


• Intermediate scale: louvain clusters
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Multiscale graphical analysis-directed

• Coarse scale: graph density


• Intermediate scale: louvain clusters

⇢(G)
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Multiscale graphical analysis-directed

• Coarse scale: graph density


• Intermediate scale: louvain community


• Fine scale: in degree and out degree

⇢(G)
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Multiscale graphical analysis-directed

• Coarse scale: graph density


• Intermediate scale: louvain community


• Fine scale: in degree and out degree

⇢(G)
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take home message

• building a framework to understand language production


• increased functional and effective connectivity


• onset of stimulus


• articulation


• heavier clusters at articulation



• A graph can also capture the way joint probability distributions of all variables 
can be decomposed and then computed 


• Different graphical models for inference


• Bayesian networks 

• Markov random fields


• Factor graph
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• Example 6.5


• A common motivating example


• Difficulty of an exam, intelligence of the student, grade in a class, student’s 
SAT exam results, professor’s letter of recommendation


• Denoted as D, i, g, S, l, respectively


• How is the dependency structure of all these variables?
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• Example 6.5


• How is the dependency structure of all these variables?


• Intuitively

�80

SAT

IntelligenceDifficulty

letter

grade



• Example 6.5


• The joint probability


• Lets find out how
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• Example 6.6 


• Some basic concepts for two random variables, that is, two data sets

�82

FX1,X2(a, b) = Pr{X1  a,X2  b}

FX1,X2(a, b) = Pr{X1  a,X2  b}
= Pr{A = {w 2 ⌦|X1(w)  a} \B = {w 2 ⌦|X2(w)  b}}
= Pr{B|A}Pr{A}



• Example 6.6


• Some basic concepts for two random variables, that is, two data sets

�83

FX1,X2(a, b) = Pr{X1  a,X2  b}

FX1,X2(a, b) = FX2|X1
(b|a)FX1(a)

= Pr{X1  a,X2  b} = Pr{X2  b|X1  a}Pr{X1  a}

FX2(b) = lim
a!+1

FX1,X2(a, b) = lim
a!+1

Pr{X1  a,X2  b}



• If the data sets are discrete valued then probability mass functions (pmf’s) are 
defined and we will have similar implications

�84

pX1,X2(a, b) = pX2|X1
(b|a)pX1(a)

= Pr{X1 = a,X2 = b} = Pr{X2 = b|X1 = a}Pr{X1 = a}

pX1,X2(a, b) = Pr{X1 = a,X2 = b}

pX2(b) =
X

a

pX1,X2(a, b) =
X

a

Pr{X1 = a,X2 = b}



• If the data sets were continuous valued then probability density functions 
(pdf’s) will be defined and we will have similar implications

�85

FX1,X2(a, b) = Pr{X1  a,X2  b} =

Z b

1

Z a

1
fX1,X2(x1, x2)dx1dx2

fX1,X2(x1, x2) = fX2|X1
(x2|x1)fX1(x1)

fX2(x2) =

Z +1

�1
fX1,X2(x1, x2)dx1 =

Z +1

�1
fX2|X1

(x2|x1)fX1(x1)dx1



• Efficient graphical models


• Compute joint distribution of data—global function of multiple variables 


• Marginalize
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FX = FX1,X2,X3,X4,X5

FX3(x3) = lim
x1!+1

lim
x2!+1

lim
x4!+1

lim
x5!+1

FX1,X2,X3,X4,X5



• Efficient graphical models


• Compute joint distribution of data—global function of multiple variables 


• Marginalize


•
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fX = fX1,X2,X3,X4,X5

fX3(x3) =

Z +1

�1

Z +1

�1

Z +1

�1

Z +1

�1
fX1,X2,X3,X4,X5(x1, x2, x3, x4, x5)dx1dx2dx4dx5



• Efficient graphical models


• Compute joint distribution of data—global function of multiple variables 


• Marginalize


•

�88

pX(x) = pX1,X2,X3,X4,X5

pX3(x3) =
X

x1

X

x2

X

x4

X

x5

pX1,X2,X3,X4,X5(x1, x2, x3, x4, x5)



• Critical for inference problems


• The global function factorizing into local functions


• Graphical models are powerful tools in representing these expressions
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fX1,X2(x1, x2) = fX2|X1
(x2|x1)fX1(x1)

FX1,X2(a, b) = FX2|X1
(b|a)FX1(a)

pX1,X2(a, b) = pX2|X1
(b|a)pX1(a)



• Bayesian network—directed graphs


• Consider three variables and their joint distribution

�90

FX1,X2,X3(x1, x2, x3) = FX3|X1,X2
(x3|x1, x2)FX1,X2(x1, x2)

= FX3|X1,X2
(x3|x1, x2)FX2|X1

(x2|x1)FX1(x1)



• Bayesian network—directed graphs


• Consider three variables and their joint distribution
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FX1,X2,X3(x1, x2, x3) = FX3|X1,X2
(x3|x1, x2)FX1,X2(x1, x2)

= FX3|X1,X2
(x3|x1, x2)FX2|X1

(x2|x1)FX1(x1)

X1
X2

X3



• Bayesian network—directed graphs


• Consider three variables and their joint distribution

�92

FX1,X2,X3(x1, x2, x3) = FX3|X1,X2
(x3|x1, x2)FX1,X2(x1, x2)

= FX3|X1,X2
(x3|x1, x2)FX2|X1

(x2|x1)FX1(x1)

X1
X2

X3



• Bayesian network—directed graphs


• Consider  three variables and their joint distribution
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FX1,X2,X3(x1, x2, x3) = FX3|X1,X2
(x3|x1, x2)FX1,X2(x1, x2)

= FX3|X1,X2
(x3|x1, x2)FX2|X1

(x2|x1)FX1(x1)

X1
X2

X3



• Bayesian network—directed graphs


• Consider  three variables and their joint distribution

�94

FX1,X2,X3(x1, x2, x3) = FX3|X1,X2
(x3|x1, x2)FX1,X2(x1, x2)

= FX3|X1,X2
(x3|x1, x2)FX2|X1

(x2|x1)FX1(x1)

X1
X2

X3



• If 
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X1
X2

X3

X2 and X1 are independent

FX1,X2,X3(x1, x2, x3) = FX3|X1,X2
(x3|x1, x2)FX2(x2)FX1(x1)



• If


• Here


• The computation of joint density


• Decomposed


• Tractable 
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X1
X2

X3

X2 and X1 are independent

FX1,X2,X3(x1, x2, x3) = FX3|X1,X2
(x3|x1, x2)FX2(x2)FX1(x1)

X1, X2 are the parents of X3



• An alternative order of conditioning would lead to 
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FX1,X2,X3 = FX1|X2,X3
FX2,X3

= FX1|X2,X3
FX2|X3

FX3

X1
X2

X3



• If 


• This graph will not be reduced 
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FX1,X2,X3 = FX1|X2,X3
FX2,X3

= FX1|X2,X3
FX2|X3

FX3

X1
X2

X3

X2 and X1 are independent

X1
X2

X3



• If 


• This graph will not be reduced


•  
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FX1,X2,X3 = FX1|X2,X3
FX2,X3

= FX1|X2,X3
FX2|X3

FX3

X1
X2

X3

X2 and X1 are independent

X1
X2

X3

Since X1 and X2 may not be independent conditioned on X3



• If 


• This graph will not be reduced


• Can we construct a counter example to show? 
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FX1,X2,X3 = FX1|X2,X3
FX2,X3

= FX1|X2,X3
FX2|X3

FX3

X1
X2

X3

X2 and X1 are independent

X1
X2

X3

Since X1 and X2 may not be independent conditioned on X3



•  


• The graph will be reduced 
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FX1,X2,X3 = FX1|X2,X3
FX2,X3

= FX1|X2,X3
FX2|X3

FX3

X1
X2

X3

X1
X2

X3

However, if X2 and X3 were independent then

FX1,X2,X3 = FX1|X2,X3
FX2FX3



• If the graph is 
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X1

X2

X3

X4

X6
X7

X5



• If the graph is


• Then, 
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X1

X2

X3

X4

X6
X7

X5

FX1,X2,...,X7 = FX1FX2FX3FX4|X1,X2,X3
FX5|X1,X3

FX6|X4
FX7|X4,X5



• If the graph is
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X1 X2

. . .

. . .

Y

Xn



• If the graph is


• Then, 
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X1 X2

. . .

. . .

Y

Xn

FX1,X2,...,Xn,Y = FY FX1|Y FX2|Y . . . FXn|Y



• The repetition could be simplified by defining a plate

�106

Y

Xi

n



• Graphical probabilistic model with deterministic parameters

�107

FX,Y |s,↵.�2 = FY |↵

nY

i=1

FXi|Y,si,�2

Y

Xi

nsi

↵

�2



• Graphical probabilistic model with deterministic parameters


• For example, 

�108

FX,Y |s,↵.�2 = FY |↵

nY

i=1

FXi|Y,si,�2

Y

Xi

nsi

↵

�2

FXi|Y,si,�2 Gaussian



• Graphical probabilistic model with observed variables


•  
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FX,Y |s,↵.�2 = FY |↵

nY

i=1

FXi|Y,si,�2

Xi

Y

nsi

↵

�2

observed variables



• Graphical probabilistic model with observed variables


•  

�110

FX,Y |s,↵.�2 = FY |↵

nY

i=1

FXi|Y,si,�2

Y

Xi

nsi

↵

�2

latent variable



• Can we infer independence or conditional independence from Bayesian 
graphs? Let us investigate via a few simple examples. 


• The joint pmf of these variables using the graph is 

�111

X1
X2

X3

pX1,X2,X3 = pX3pX1|X3
pX2|X3



• Can we infer independence or conditional independence from Bayesian 
graphs? Let us investigate via a few simple examples. 


• They are independent conditioned on  

�112

X1
X2

X3

pX1,X2,X3 = pX3pX1|X3
pX2|X3

pX1,X2|X3
=

pX1,X2,X3

pX3

= pX1|X3
pX2|X3

X3

Node X3 is tail-to-tail

with respect to path from X1 to X2



• Can we infer independence or conditional independence from Bayesian 
graphs? Let us investigate via a few simple examples. 


• The joint pmf of these variables using the graph


•  


•

�113

X1
X2

X3

pX1,X2,X3 = pX3pX1|X3
pX2|X3

Are X1, X2 independent ?

X1 and X2 are independent conditioned on X3



• Can we infer independence or conditional independence from Bayesian 
graphs? Let us investigate via a few simple examples. 


• They are not independent unless

�114

X1
X2

X3

pX1,X2,X3 = pX3pX1|X3
pX2|X3

pX1,X2 =
X

x3

pX1,X2,X3 =
X

x3

pX3pX1|X3
pX2|X3

6= pX1pX2

X1 and X3 as well as X2 and X3 are independent



• Another example


• They are not independent
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X1
X2

X3

pX1,X2,X3 = pX1pX3|X1
pX2|X3

pX1,X2 =
X

x3

pX1,X2,X3 = pX1

X

x3

pX3|X1
pX2|X3

6= pX1pX2



• Another example


• They are independent conditioned on

�116

X1
X2

X3

pX1,X2,X3 = pX1pX3|X1
pX2|X3

pX1,X2|X3
=

pX1,X2,X3

pX3

=
pX1pX3|X1

pX2|X3

pX3

= pX1|X3
pX2|X3

X3

Node X3 is head-to-tail

with respect to path from X1 to X2



• Another example


•
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X1
X2

X3

pX1,X2,X3 = pX1pX2pX3|X1,X2

Are X1, X2 independent ?



• Another example


• Yes they are independent
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X1
X2

X3

pX1,X2,X3 = pX1pX2pX3|X1,X2

Are X1, X2 independent ?

pX1,X2 =
X

x3

pX1,X2,X3 = pX1pX2

X

x3

pX3|X1,X2
= pX1pX2



• Another example


• They are not independent conditioned on
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X1
X2

X3

pX1,X2,X3 = pX1pX2pX3|X1,X2

Are X1, X2 conditioned on X3 independent ?

pX1,X2|X3
=

pX1,X2,X3

pX3

=
pX1pX2pX3|X1,X2

pX3

6= pX1|X3
pX2|X3

X3

Node X3 is head-to-head

with respect to path from X1 to X2



• Example 6.7


• Two random variable are independent


• Conditioned on a third random variable then they are not. 


• Assume X and Y are independent random binary data (that is basically a coin 
flip experiment). 


• Equally likely to 0 or 1.

�120



• Example 6.7 


• Then by assumption they are independent. 


• Define Z to be another random variable as Z = X+Y 


• X and Y are dependent conditioned on Z = 1

�121

P (X = 1, Y = 1|Z = 1) = 0 however P (X = 1|Z = 1)P (Y = 1|Z = 1) = 1/2⇥ 1/2 = 1/4



•  


• Conditionally independent but not independent


• not blocked unless the node on the path is observed


• Conditionally independent but not independent 


• not blocked unless the node on the path is observed


• Independent but not conditionally independent


• blocked unless the blocking node is observed

�122

X1
X2

X3

X1
X2

X3

X1
X2

X3

Summary of X1 and X2 independence



• Bayesian networks


• A tail-to-tail node or head-to-tail node “leaves” a path unblocked unless 
the node is observed (that is, the distribution is conditioned on that 
variable). In that case it blocks the path


• Conditionally independent but not independent

�123

X1
X2

X3

X1
X2

X3



• Bayesian networks


• A tail-to-tail node or head-to-tail node “leaves” a path unblocked unless 
the node is observed (that is, it is conditioned on that variable). In that 
case it blocks the path


• A head-to-head node blocks the path if it is unobserved


• If the node, and/or at least one of its descendants, is observed then the 
path becomes unblocked


• Independent but not conditionally independent

�124

X1
X2

X3



• Bayesian networks


• A tail-to-tail node or head-to-tail node “leaves” a path unblocked unless 
the node is observed (that is, it is conditioned on that variable). In that 
case it blocks the path


• A head-to-head node blocks the path if it is unobserved


• If the node, and/or at least one of its descendants, is observed then the 
path becomes unblocked


• When the path between two nodes is blocked then the two nodes (the 
variables) are independent 

�125



• These rules apply to larger networks and to sets of nodes


• The path between


• Unblocked by 


• Tail-to-tail


• Blocked by


• Head-to-head 
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X1

X2

X3

X4

X5

X1 and X2

X5

X3

X1 and X2 are independent



• If the path between two nodes is blocked then the nodes are independent—
conditioned on the variable that blocked the path
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• These rules apply to larger networks and to sets of nodes


• The path between


• Blocked by 


• Conditioned


• Tail-to-tail


• Blocked by


• Head-to-head 
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X1

X2

X3

X4

X5

X1 and X2

X5

X3

X1 and X2 are independent



• These rules apply to larger networks and to sets of nodes


• The path between


• Unblocked by 


• Head-to-head 


• Conditioned on its descendent


• Unblocked by


• Tail-to-tail 
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X1

X2

X3

X4

X5

X1 and X2

X3

X5

X1 and X2 are not independent



• In general, Bayesian networks can be represented as


• Note that Bayesian graphs do not have cycles


• Directed acyclic graph


• Invalid 
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X1
X2

X3

pX1|X2
pX2|X3

pX3|X1

pX =
KY

k=1

pXk|pa(k) where pa(k) is the set of parent’s of node k



• Graphical modeling for inference


• Bayesian networks


• Markov random fields 

• Factor graphs 
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• Conditional independence is often difficult to infer from directed graphs.


• Undirected graphs are also powerful tools


• Markov undirected networks


• Clique


• A group of nodes fully connected


• Maximal clique


• Cliques that can not be expanded
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• Cliques
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X1

X2

X3

X4



• Cliques
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X1

X2

X3

X4



• Cliques
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X1

X2

X3

X4



• Maximal clique

�136

X1

X2

X3

X4



• Maximal clique
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X1

X2

X3

X4



• Not a clique
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X1

X2

X3

X4



• The probability distribution can be written as


• An example, 

�139

FX =
1

Z

Y

C
 C(X)

where  C is the “potential function” of clique

…
X1 X2 XnXn�1

FX = FX1,X2,...,Xn = FX1FX2|X1
FX3|X2

. . . FXn|Xn�1

FX =
1

Z
 1,2(X1, X2) 2,3(X2, X3) . . . n�1,n(Xn�1, Xn)



• The network
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…
X1 X2 XnXn�1

 1,2(X1, X2) = FX1FX2|X1

 2,3(X2, X3) = FX3|X2

...

 n�1,n(Xn�1, Xn) = FXn|Xn�1

FX =
1

Z
 1,2(X1, X2) 2,3(X2, X3) . . . n�1,n(Xn�1, Xn)



• A less obvious example
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FX = FX1,X2,X3,X4,X5 = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

X1

X2

X3

X4

X5



• Lets recall the rules on independence 
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X1

X2

X3

X4

X5

FX = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

X1 and X2 are independent
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X4 and X5 are not independent
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• Lets recall the rules on independence 
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X1

X2

X3

X4

X5

FX = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

X4 and X5 are independent conditioned on X3
<latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit><latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit><latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit><latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit>

X1 and X2 are not independent conditioned on X3
<latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit><latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit><latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit><latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit>



• To convert a directed graph to an undirected graph


• Moralization


• Remove directionality in all links


• Add links to all pairs of parents of each node
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X2

X1

X2

X3

X4

X5

X1

X3

X4

X5

FX = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3



• To convert a directed graph to an undirected graph


• Moralization


• Remove directionality in all links


• Add links to all pairs of parents of each node


• Identify maximal cliques
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X2

X1

X2

X3

X4

X5

X1

X3

X4

X5

FX = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3



• To convert a directed graph to an undirected graph


• Moralization


• Remove directionality in all links


• Add links to all pairs of parents of each node


• Identify maximal cliques
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X2

X1

X2

X3

X4

X5

X1

X3

X4

X5

FX = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3



• To convert a directed graph to an undirected graph


• Moralization


• Remove directionality in all links


• Add links to all pairs of parents of each node


• Identify maximal cliques
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X2

X1

X2

X3

X4

X5

X1

X3

X4

X5

FX = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3



• To convert a directed graph to an undirected graph


• Moralization


• Remove directionality in all links


• Add links to all pairs of parents of each node


• Identify maximal cliques


• Maximal cliques form potentials
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X2

X1

X2

X3

X4

X5

X1

X3

X4

X5

FX = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

FX =
1

Z
 1,2,3(X1, X2, X3) 3,4(X3, X4) 3,5(X3, X5)



• To convert a directed graph to an undirected graph


• Moralization


• Remove directionality in all links


• Add links to all pairs of parents of each node


• Identify maximal cliques


• Maximal cliques form potentials
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X2

X1

X2

X3

X4

X5

X1

X3

X4

X5

FX = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

FX =
1

Z
 1,2,3(X1, X2, X3) 3,4(X3, X4) 3,5(X3, X5)



• Moralization


• Remove directionality in all links


• Add links to all pairs of parents of each node


• Identify maximal cliques


• Maximal cliques form potential functions


• Adjust with parameter Z
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X2

X1

X2

X3

X4

X5

X1

X3

X4

X5

FX = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

FX =
1

Z
 1,2,3(X1, X2, X3) 3,4(X3, X4) 3,5(X3, X5)



• The less obvious example
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FX = FX1,X2,X3,X4,X5 = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

X2

X1

X2

X3

X4

X5

X1

X3

X4

X5



• The less obvious example
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FX = FX1,X2,X3,X4,X5 = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

X1

X2

X3

X4

X5

FX =
1

Z
 1,2,3(X1, X2, X3) 3,4(X3, X4) 3,5(X3, X5)



• The less obvious example


• where

�153

X2

X1

X3

X4

X5

pX = pX1pX2pX3|X1,X2
pX4|X3

pX5|X3
<latexit sha1_base64="FYpaGcWgWRDEol+UachoAtIUl50=">AAACK3icbZDPS8MwFMdTf875q+rRS3AIHmS020Q9CMNdPE5wbrCNkmbpFpamJUmFUfsHefFfEcSDE6/+H2ZtEd18EPJ53/ceyfu6IaNSWdbUWFpeWV1bL2wUN7e2d3bNvf17GUQCkxYOWCA6LpKEUU5aiipGOqEgyHcZabvjxqzefiBC0oDfqUlI+j4acupRjJSWHLMROnHPR2rkenEnSeCVzjuOnaRXJbuqj1o5/UlrOq1meJaiY5asspUGXAQ7hxLIo+mYr71BgCOfcIUZkrJrW6Hqx0goihlJir1IkhDhMRqSrkaOfCL7cbpsAo+1MoBeIPThCqbq74kY+VJOfFd3zvaS87WZ+F+tGynvoh9THkaKcJw95EUMqgDOnIMDKghWbKIBYUH1XyEeIYGw0v4WtQn2/MqL0KqUL8v2ba1Uv87dKIBDcAROgA3OQR3cgCZoAQyewAt4B1Pj2XgzPozPrHXJyGcOwJ8wvr4BwjaoGQ==</latexit><latexit sha1_base64="FYpaGcWgWRDEol+UachoAtIUl50=">AAACK3icbZDPS8MwFMdTf875q+rRS3AIHmS020Q9CMNdPE5wbrCNkmbpFpamJUmFUfsHefFfEcSDE6/+H2ZtEd18EPJ53/ceyfu6IaNSWdbUWFpeWV1bL2wUN7e2d3bNvf17GUQCkxYOWCA6LpKEUU5aiipGOqEgyHcZabvjxqzefiBC0oDfqUlI+j4acupRjJSWHLMROnHPR2rkenEnSeCVzjuOnaRXJbuqj1o5/UlrOq1meJaiY5asspUGXAQ7hxLIo+mYr71BgCOfcIUZkrJrW6Hqx0goihlJir1IkhDhMRqSrkaOfCL7cbpsAo+1MoBeIPThCqbq74kY+VJOfFd3zvaS87WZ+F+tGynvoh9THkaKcJw95EUMqgDOnIMDKghWbKIBYUH1XyEeIYGw0v4WtQn2/MqL0KqUL8v2ba1Uv87dKIBDcAROgA3OQR3cgCZoAQyewAt4B1Pj2XgzPozPrHXJyGcOwJ8wvr4BwjaoGQ==</latexit><latexit sha1_base64="FYpaGcWgWRDEol+UachoAtIUl50=">AAACK3icbZDPS8MwFMdTf875q+rRS3AIHmS020Q9CMNdPE5wbrCNkmbpFpamJUmFUfsHefFfEcSDE6/+H2ZtEd18EPJ53/ceyfu6IaNSWdbUWFpeWV1bL2wUN7e2d3bNvf17GUQCkxYOWCA6LpKEUU5aiipGOqEgyHcZabvjxqzefiBC0oDfqUlI+j4acupRjJSWHLMROnHPR2rkenEnSeCVzjuOnaRXJbuqj1o5/UlrOq1meJaiY5asspUGXAQ7hxLIo+mYr71BgCOfcIUZkrJrW6Hqx0goihlJir1IkhDhMRqSrkaOfCL7cbpsAo+1MoBeIPThCqbq74kY+VJOfFd3zvaS87WZ+F+tGynvoh9THkaKcJw95EUMqgDOnIMDKghWbKIBYUH1XyEeIYGw0v4WtQn2/MqL0KqUL8v2ba1Uv87dKIBDcAROgA3OQR3cgCZoAQyewAt4B1Pj2XgzPozPrHXJyGcOwJ8wvr4BwjaoGQ==</latexit><latexit sha1_base64="FYpaGcWgWRDEol+UachoAtIUl50=">AAACK3icbZDPS8MwFMdTf875q+rRS3AIHmS020Q9CMNdPE5wbrCNkmbpFpamJUmFUfsHefFfEcSDE6/+H2ZtEd18EPJ53/ceyfu6IaNSWdbUWFpeWV1bL2wUN7e2d3bNvf17GUQCkxYOWCA6LpKEUU5aiipGOqEgyHcZabvjxqzefiBC0oDfqUlI+j4acupRjJSWHLMROnHPR2rkenEnSeCVzjuOnaRXJbuqj1o5/UlrOq1meJaiY5asspUGXAQ7hxLIo+mYr71BgCOfcIUZkrJrW6Hqx0goihlJir1IkhDhMRqSrkaOfCL7cbpsAo+1MoBeIPThCqbq74kY+VJOfFd3zvaS87WZ+F+tGynvoh9THkaKcJw95EUMqgDOnIMDKghWbKIBYUH1XyEeIYGw0v4WtQn2/MqL0KqUL8v2ba1Uv87dKIBDcAROgA3OQR3cgCZoAQyewAt4B1Pj2XgzPozPrHXJyGcOwJ8wvr4BwjaoGQ==</latexit>

pX =
1

Z
 1,2,3(X1, X2, X3) 3,4(X3, X4) 3,5(X3, X5)

<latexit sha1_base64="uLBTxQ2xj3TtecoxhWRReSrOLFI="></latexit><latexit sha1_base64="uLBTxQ2xj3TtecoxhWRReSrOLFI="></latexit><latexit sha1_base64="uLBTxQ2xj3TtecoxhWRReSrOLFI="></latexit><latexit sha1_base64="uLBTxQ2xj3TtecoxhWRReSrOLFI="></latexit>

Z =
X

X

 1,2,3(X1, X2, X3) 3,4(X3, X4) 3,5(X3, X5)
<latexit sha1_base64="Uh6Z7lHqxar5OFtvlfYmfsgj2DI="></latexit><latexit sha1_base64="Uh6Z7lHqxar5OFtvlfYmfsgj2DI="></latexit><latexit sha1_base64="Uh6Z7lHqxar5OFtvlfYmfsgj2DI="></latexit><latexit sha1_base64="Uh6Z7lHqxar5OFtvlfYmfsgj2DI="></latexit>



• The less obvious example
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X1

X2

X3

X4

X5

FX =
1

Z
 1,2,3(X1, X2, X3) 3,4(X3, X4) 3,5(X3, X5)



• The less obvious example
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X1

X2

X3

X4

X5

X4 and X5 are independent conditioned on X3
<latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit><latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit><latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit><latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit>

X1 and X2 are not independent conditioned on X3
<latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit><latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit><latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit><latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit>



• The less obvious example


• The path between the two vertices is blocked
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X1

X2

X3

X4

X5

X4 and X5 are independent conditioned on X3
<latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit><latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit><latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit><latexit sha1_base64="Tc2T4MePQ0E6W/VHWZpkFq+kHmo=">AAACMHicbVBNTwIxEO36ifiFevTSSEw8kV3FqPFC9MIRExESIJtud4DGbrtpu0ZC+Ete/CfGCwc1Xv0VdmEPCE7S5vXNm5nOC2LOtHHdsbO0vLK6tp7byG9ube/sFvb2H7RMFIU6lVyqZkA0cCagbpjh0IwVkCjg0Ageb9N84wmUZlLcm0EMnYj0BOsySoyl/EK16Zdx+xq3DTybIRHhKH01/fMZUgFmIoQY7CUMplKELK2GEEuR6c/8QtEtuZPAi8DLQBFlUfMLb+1Q0iSyLSknWrc8NzYdO80wymGUbycaYkIfSQ9aFgoSge4MJxuP8LFlQtyVyp7Jlyw7WzEkkdaDKLDKiJi+ns+l5H+5VmK6l50hE3FiQNDpoG7CsZE4tQ+HTAE1fGABocraQDHtE0WosSbnrQne/MqLoH5auip5d+Vi5SZzI4cO0RE6QR66QBVURTVURxS9oHf0gT6dV2fsfDnfU+mSk9UcoD/h/PwCxq6oZA==</latexit>

X1 and X2 are not independent conditioned on X3
<latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit><latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit><latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit><latexit sha1_base64="XBON6ONdBb9H94LhSysyNq7CoZA="></latexit>



• Another illustrative example

�157

X1

X2

X3

X4

pX = pX1pX2pX3pX4|X1X2X3
<latexit sha1_base64="29lUU7uYZYXzHDGxdA/DQb2+rMI=">AAACIHicbVC7TsMwFHV4lvIKMLJYVEhMVVIqUQakChbGIhEaqY0ix3Vaq85DtoNUhfwKC7/CwgAINvganMcALUey7vE598q+x4sZFdIwvrSl5ZXVtfXaRn1za3tnV9/bvxNRwjGxcMQibntIEEZDYkkqGbFjTlDgMdL3ple5378nXNAovJWzmDgBGofUpxhJJbl6J3bTYYDkxPNTO8vghbrbrpkVpVWW07K0H5QBlQpzydUbRtMoABeJWZEGqNBz9c/hKMJJQEKJGRJiYBqxdFLEJcWMZPVhIkiM8BSNyUDREAVEOGmxYQaPlTKCfsTVCSUs1N8TKQqEmAWe6syXEfNeLv7nDRLpd5yUhnEiSYjLh/yEQRnBPC44opxgyWaKIMyp+ivEE8QRlirUugrBnF95kVit5nnTvGk3updVGjVwCI7ACTDBGeiCa9ADFsDgETyDV/CmPWkv2rv2UbYuadXMAfgD7fsHXfujKg==</latexit><latexit sha1_base64="29lUU7uYZYXzHDGxdA/DQb2+rMI=">AAACIHicbVC7TsMwFHV4lvIKMLJYVEhMVVIqUQakChbGIhEaqY0ix3Vaq85DtoNUhfwKC7/CwgAINvganMcALUey7vE598q+x4sZFdIwvrSl5ZXVtfXaRn1za3tnV9/bvxNRwjGxcMQibntIEEZDYkkqGbFjTlDgMdL3ple5378nXNAovJWzmDgBGofUpxhJJbl6J3bTYYDkxPNTO8vghbrbrpkVpVWW07K0H5QBlQpzydUbRtMoABeJWZEGqNBz9c/hKMJJQEKJGRJiYBqxdFLEJcWMZPVhIkiM8BSNyUDREAVEOGmxYQaPlTKCfsTVCSUs1N8TKQqEmAWe6syXEfNeLv7nDRLpd5yUhnEiSYjLh/yEQRnBPC44opxgyWaKIMyp+ivEE8QRlirUugrBnF95kVit5nnTvGk3updVGjVwCI7ACTDBGeiCa9ADFsDgETyDV/CmPWkv2rv2UbYuadXMAfgD7fsHXfujKg==</latexit><latexit sha1_base64="29lUU7uYZYXzHDGxdA/DQb2+rMI=">AAACIHicbVC7TsMwFHV4lvIKMLJYVEhMVVIqUQakChbGIhEaqY0ix3Vaq85DtoNUhfwKC7/CwgAINvganMcALUey7vE598q+x4sZFdIwvrSl5ZXVtfXaRn1za3tnV9/bvxNRwjGxcMQibntIEEZDYkkqGbFjTlDgMdL3ple5378nXNAovJWzmDgBGofUpxhJJbl6J3bTYYDkxPNTO8vghbrbrpkVpVWW07K0H5QBlQpzydUbRtMoABeJWZEGqNBz9c/hKMJJQEKJGRJiYBqxdFLEJcWMZPVhIkiM8BSNyUDREAVEOGmxYQaPlTKCfsTVCSUs1N8TKQqEmAWe6syXEfNeLv7nDRLpd5yUhnEiSYjLh/yEQRnBPC44opxgyWaKIMyp+ivEE8QRlirUugrBnF95kVit5nnTvGk3updVGjVwCI7ACTDBGeiCa9ADFsDgETyDV/CmPWkv2rv2UbYuadXMAfgD7fsHXfujKg==</latexit><latexit sha1_base64="29lUU7uYZYXzHDGxdA/DQb2+rMI=">AAACIHicbVC7TsMwFHV4lvIKMLJYVEhMVVIqUQakChbGIhEaqY0ix3Vaq85DtoNUhfwKC7/CwgAINvganMcALUey7vE598q+x4sZFdIwvrSl5ZXVtfXaRn1za3tnV9/bvxNRwjGxcMQibntIEEZDYkkqGbFjTlDgMdL3ple5378nXNAovJWzmDgBGofUpxhJJbl6J3bTYYDkxPNTO8vghbrbrpkVpVWW07K0H5QBlQpzydUbRtMoABeJWZEGqNBz9c/hKMJJQEKJGRJiYBqxdFLEJcWMZPVhIkiM8BSNyUDREAVEOGmxYQaPlTKCfsTVCSUs1N8TKQqEmAWe6syXEfNeLv7nDRLpd5yUhnEiSYjLh/yEQRnBPC44opxgyWaKIMyp+ivEE8QRlirUugrBnF95kVit5nnTvGk3updVGjVwCI7ACTDBGeiCa9ADFsDgETyDV/CmPWkv2rv2UbYuadXMAfgD7fsHXfujKg==</latexit>



• Another illustrative example
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X1

X2

X3

X4

X1

X2

X3

X4

pX = pX1pX2pX3pX4|X1X2X3
<latexit sha1_base64="29lUU7uYZYXzHDGxdA/DQb2+rMI=">AAACIHicbVC7TsMwFHV4lvIKMLJYVEhMVVIqUQakChbGIhEaqY0ix3Vaq85DtoNUhfwKC7/CwgAINvganMcALUey7vE598q+x4sZFdIwvrSl5ZXVtfXaRn1za3tnV9/bvxNRwjGxcMQibntIEEZDYkkqGbFjTlDgMdL3ple5378nXNAovJWzmDgBGofUpxhJJbl6J3bTYYDkxPNTO8vghbrbrpkVpVWW07K0H5QBlQpzydUbRtMoABeJWZEGqNBz9c/hKMJJQEKJGRJiYBqxdFLEJcWMZPVhIkiM8BSNyUDREAVEOGmxYQaPlTKCfsTVCSUs1N8TKQqEmAWe6syXEfNeLv7nDRLpd5yUhnEiSYjLh/yEQRnBPC44opxgyWaKIMyp+ivEE8QRlirUugrBnF95kVit5nnTvGk3updVGjVwCI7ACTDBGeiCa9ADFsDgETyDV/CmPWkv2rv2UbYuadXMAfgD7fsHXfujKg==</latexit><latexit sha1_base64="29lUU7uYZYXzHDGxdA/DQb2+rMI=">AAACIHicbVC7TsMwFHV4lvIKMLJYVEhMVVIqUQakChbGIhEaqY0ix3Vaq85DtoNUhfwKC7/CwgAINvganMcALUey7vE598q+x4sZFdIwvrSl5ZXVtfXaRn1za3tnV9/bvxNRwjGxcMQibntIEEZDYkkqGbFjTlDgMdL3ple5378nXNAovJWzmDgBGofUpxhJJbl6J3bTYYDkxPNTO8vghbrbrpkVpVWW07K0H5QBlQpzydUbRtMoABeJWZEGqNBz9c/hKMJJQEKJGRJiYBqxdFLEJcWMZPVhIkiM8BSNyUDREAVEOGmxYQaPlTKCfsTVCSUs1N8TKQqEmAWe6syXEfNeLv7nDRLpd5yUhnEiSYjLh/yEQRnBPC44opxgyWaKIMyp+ivEE8QRlirUugrBnF95kVit5nnTvGk3updVGjVwCI7ACTDBGeiCa9ADFsDgETyDV/CmPWkv2rv2UbYuadXMAfgD7fsHXfujKg==</latexit><latexit sha1_base64="29lUU7uYZYXzHDGxdA/DQb2+rMI=">AAACIHicbVC7TsMwFHV4lvIKMLJYVEhMVVIqUQakChbGIhEaqY0ix3Vaq85DtoNUhfwKC7/CwgAINvganMcALUey7vE598q+x4sZFdIwvrSl5ZXVtfXaRn1za3tnV9/bvxNRwjGxcMQibntIEEZDYkkqGbFjTlDgMdL3ple5378nXNAovJWzmDgBGofUpxhJJbl6J3bTYYDkxPNTO8vghbrbrpkVpVWW07K0H5QBlQpzydUbRtMoABeJWZEGqNBz9c/hKMJJQEKJGRJiYBqxdFLEJcWMZPVhIkiM8BSNyUDREAVEOGmxYQaPlTKCfsTVCSUs1N8TKQqEmAWe6syXEfNeLv7nDRLpd5yUhnEiSYjLh/yEQRnBPC44opxgyWaKIMyp+ivEE8QRlirUugrBnF95kVit5nnTvGk3updVGjVwCI7ACTDBGeiCa9ADFsDgETyDV/CmPWkv2rv2UbYuadXMAfgD7fsHXfujKg==</latexit><latexit sha1_base64="29lUU7uYZYXzHDGxdA/DQb2+rMI=">AAACIHicbVC7TsMwFHV4lvIKMLJYVEhMVVIqUQakChbGIhEaqY0ix3Vaq85DtoNUhfwKC7/CwgAINvganMcALUey7vE598q+x4sZFdIwvrSl5ZXVtfXaRn1za3tnV9/bvxNRwjGxcMQibntIEEZDYkkqGbFjTlDgMdL3ple5378nXNAovJWzmDgBGofUpxhJJbl6J3bTYYDkxPNTO8vghbrbrpkVpVWW07K0H5QBlQpzydUbRtMoABeJWZEGqNBz9c/hKMJJQEKJGRJiYBqxdFLEJcWMZPVhIkiM8BSNyUDREAVEOGmxYQaPlTKCfsTVCSUs1N8TKQqEmAWe6syXEfNeLv7nDRLpd5yUhnEiSYjLh/yEQRnBPC44opxgyWaKIMyp+ivEE8QRlirUugrBnF95kVit5nnTvGk3updVGjVwCI7ACTDBGeiCa9ADFsDgETyDV/CmPWkv2rv2UbYuadXMAfgD7fsHXfujKg==</latexit>

pX =
1

Z
 1,2,3,4(X1, X2, X3, X4)

<latexit sha1_base64="rKugMF44SXZ3oc6UBRJX/CKLaPM="></latexit><latexit sha1_base64="rKugMF44SXZ3oc6UBRJX/CKLaPM="></latexit><latexit sha1_base64="rKugMF44SXZ3oc6UBRJX/CKLaPM="></latexit><latexit sha1_base64="rKugMF44SXZ3oc6UBRJX/CKLaPM="></latexit>



• Another illustrative example


• Conditional independence is not present since all vertices are connected
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• Markov random fields and Bayesian networks are not prefect


• Consider this directed graph
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X1
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X3



• Markov random fields and Bayesian networks are not prefect


• Consider this directed graph


• Now a moralized Markov random field
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• Markov random fields and Bayesian networks are not prefect


• Consider this directed graph


• Now a moralized Markov random field

�162

X1
X2

X3

X1
X2

X3

X1 and X2 are independent
<latexit sha1_base64="pF/7DQf0U+bTZ4VAovAg9VRfOpc=">AAACGnicbVDLSgMxFM34rPVVdekmWARXZaYIKm6KblxWcGyhLUMmc9uGZjJDckcspf/hxl9x40LFnbjxb0wfi9p6IOHk3HuS3BOmUhh03R9naXlldW09t5Hf3Nre2S3s7d+bJNMcfJ7IRNdDZkAKBT4KlFBPNbA4lFALe9ejeu0BtBGJusN+Cq2YdZRoC87QSkGhXA882rykTYRHHDAVDUenelCeETVQoSJIwW4Kh0Gh6JbcMegi8aakSKaoBoWvZpTwLLZmLpkxDc9NsWXvRcElDPPNzEDKeI91oGGpYjGY1mA825AeWyWi7UTbpZCO1VnHgMXG9OPQdsYMu2a+NhL/qzUybJ+3BkKlGYLik4famaSY0FFQNBIaOMq+JYxrYf9KeZdpxtHGmbchePMjLxK/XLooebenxcrVNI0cOSRH5IR45IxUyA2pEp9w8kReyBt5d56dV+fD+Zy0LjlTzwH5A+f7F3HPoBQ=</latexit><latexit sha1_base64="pF/7DQf0U+bTZ4VAovAg9VRfOpc=">AAACGnicbVDLSgMxFM34rPVVdekmWARXZaYIKm6KblxWcGyhLUMmc9uGZjJDckcspf/hxl9x40LFnbjxb0wfi9p6IOHk3HuS3BOmUhh03R9naXlldW09t5Hf3Nre2S3s7d+bJNMcfJ7IRNdDZkAKBT4KlFBPNbA4lFALe9ejeu0BtBGJusN+Cq2YdZRoC87QSkGhXA882rykTYRHHDAVDUenelCeETVQoSJIwW4Kh0Gh6JbcMegi8aakSKaoBoWvZpTwLLZmLpkxDc9NsWXvRcElDPPNzEDKeI91oGGpYjGY1mA825AeWyWi7UTbpZCO1VnHgMXG9OPQdsYMu2a+NhL/qzUybJ+3BkKlGYLik4famaSY0FFQNBIaOMq+JYxrYf9KeZdpxtHGmbchePMjLxK/XLooebenxcrVNI0cOSRH5IR45IxUyA2pEp9w8kReyBt5d56dV+fD+Zy0LjlTzwH5A+f7F3HPoBQ=</latexit><latexit sha1_base64="pF/7DQf0U+bTZ4VAovAg9VRfOpc=">AAACGnicbVDLSgMxFM34rPVVdekmWARXZaYIKm6KblxWcGyhLUMmc9uGZjJDckcspf/hxl9x40LFnbjxb0wfi9p6IOHk3HuS3BOmUhh03R9naXlldW09t5Hf3Nre2S3s7d+bJNMcfJ7IRNdDZkAKBT4KlFBPNbA4lFALe9ejeu0BtBGJusN+Cq2YdZRoC87QSkGhXA882rykTYRHHDAVDUenelCeETVQoSJIwW4Kh0Gh6JbcMegi8aakSKaoBoWvZpTwLLZmLpkxDc9NsWXvRcElDPPNzEDKeI91oGGpYjGY1mA825AeWyWi7UTbpZCO1VnHgMXG9OPQdsYMu2a+NhL/qzUybJ+3BkKlGYLik4famaSY0FFQNBIaOMq+JYxrYf9KeZdpxtHGmbchePMjLxK/XLooebenxcrVNI0cOSRH5IR45IxUyA2pEp9w8kReyBt5d56dV+fD+Zy0LjlTzwH5A+f7F3HPoBQ=</latexit><latexit sha1_base64="pF/7DQf0U+bTZ4VAovAg9VRfOpc=">AAACGnicbVDLSgMxFM34rPVVdekmWARXZaYIKm6KblxWcGyhLUMmc9uGZjJDckcspf/hxl9x40LFnbjxb0wfi9p6IOHk3HuS3BOmUhh03R9naXlldW09t5Hf3Nre2S3s7d+bJNMcfJ7IRNdDZkAKBT4KlFBPNbA4lFALe9ejeu0BtBGJusN+Cq2YdZRoC87QSkGhXA882rykTYRHHDAVDUenelCeETVQoSJIwW4Kh0Gh6JbcMegi8aakSKaoBoWvZpTwLLZmLpkxDc9NsWXvRcElDPPNzEDKeI91oGGpYjGY1mA825AeWyWi7UTbpZCO1VnHgMXG9OPQdsYMu2a+NhL/qzUybJ+3BkKlGYLik4famaSY0FFQNBIaOMq+JYxrYf9KeZdpxtHGmbchePMjLxK/XLooebenxcrVNI0cOSRH5IR45IxUyA2pEp9w8kReyBt5d56dV+fD+Zy0LjlTzwH5A+f7F3HPoBQ=</latexit>



• Markov random fields and Bayesian networks are not prefect


• The moralized Markov random field is not very useful
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• Markov random network offers a powerful tool to identify conditional 
independence
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• Markov random network offers a powerful tool to identify conditional 
independence


• Conditioned on observed nodes

�165



• Markov random network offers a powerful tool to identify conditional 
independence


• Conditioned on observed nodes


• Nodes in these sets are independent


• This graphical representation is indeed powerful

�166



• Graphical modeling for inference


• Bayesian networks


• Markov random fields


• Factor graphs 

�167



• Factor graphs


• Allow a global function of several variables be expressed as a product of 
factors of subsets of these variables

�168X1X2X3

fafbfcfd

pX =
Y

s

fs(Xs)



• Factor graphs


• Allow a global function of several variables be expressed as a product of 
factors of subsets of these variables

�169X1X2X3

fafbfcfd

pX = fa(X1)fb(X1, X2)fc(X1, X2)fd(X2, X3)



• Factor graphs


• Allow a global function of several variables be expressed as a product of 
factors of subsets of these variables


• They could simplify computation of complex functions


• They are generalizations of Bayesian and Markov graphs. 


• The factor graphs are more explicit than Bayesian and Markov


• By construction, factor graphs are bipartite graphs
�170

pX =
Y

s

fs(Xs)



• By construction, factor graphs are bipartite graphs

�171X1X2X3

fafbfcfd

pX = fa(X1)fb(X1, X2)fc(X1, X2)fd(X2, X3)



• By construction, factor graphs are bipartite graphs

�172X1X2X3

fafbfcfd

variables

pX = fa(X1)fb(X1, X2)fc(X1, X2)fd(X2, X3)



• By construction, factor graphs are bipartite graphs

�173X1X2X3

fafbfcfd

factors

pX = fa(X1)fb(X1, X2)fc(X1, X2)fd(X2, X3)



• Example 6.8


• A general function factorized

�174

FX1,X2,X3 = F1(X1)F2(X1, X2)F3(X1, X2)F4(X2, X3)

X1X2X3

F2F3F4 F1



• Example 6.8


• A function factorized

�175

FX1,X2,X3 = F1(X1)F2(X1, X2)F3(X1, X2)F4(X2, X3)

X1X2X3

F2F3F4 F1

variable node



• Example 6.8


• A function factorized
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FX1,X2,X3 = F1(X1)F2(X1, X2)F3(X1, X2)F4(X2, X3)

X1X2X3

F2F3F4 F1

variable node

factor node



• Example 6.8


• A function factorized

�177

FX1,X2,X3 = F1(X1)F2(X1, X2)F3(X1, X2)F4(X2, X3)

X1X2X3

F2F3F4 F1

edge if it is a variable in that factor



• Example 6.8


• A function factorized

�178

FX1,X2,X3 = F1(X1)F2(X1, X2)F3(X1, X2)F4(X2, X3)

X1X2X3

F2F3F4 F1



• Factor graphs are bipartite 


• A generalization of Tanner graphs


• Tanner graphs were developed to describe decoding of low density 
parity check codes (LDPC)


• Factor graphs are particularly useful for decoding of modern error 
correcting codes


• Factor graph can unify seemingly and historically different computations/
processing of data

�179



• Factor graphs unify


• Kalman filtering 


• Statistical physics via Markov random fields


• Recursive least-squared filters


• Hidden Markov models


• Viterbi decoding


• Bayesian and Markov networks can be represented as factor graphs

�180



• Recall an earlier example


• Markov and Bayesian networks 

FX = FX1,X2,X3,X4,X5 = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

X2

X1

X2

X3

X4

X5

X1

X3

X4

X5



• Recall 

FX = FX1,X2,X3,X4,X5 = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

= FA(X1)FB(X2)FC(X1, X2, X3)FD(X3, X4)FE(X3, X5)



• Recall 
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FX = FX1,X2,X3,X4,X5 = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

= FA(X1)FB(X2)FC(X1, X2, X3)FD(X3, X4)FE(X3, X5)

X1X2X3

FAFBFCFDFE

X4X5



• Recall


• Alternative factor graph representation
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FX = FX1,X2,X3,X4,X5 = FX1FX2FX3|X1,X2
FX4|X3

FX5|X3

= FA(X1)FB(X2)FC(X1, X2, X3)FD(X3, X4)FE(X3, X5)

X1X2X3

FAFBFCFDFE

X4X5

X3 X5

X4

X1

X2



• Cycles in a graph
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FX1,X2,X3 = F1(X1)F2(X1, X2)F3(X1, X2)F4(X2, X3)

X1X2X3

F2F3F4 F1
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FX1,X2,X3 = F1(X1)F2(X1, X2)F3(X1, X2)F4(X2, X3)

X1X2X3

F2F3F4 F1

Cycle

if F2 and F3 were combined

F5(X1, X2) = F2(X1, X2)F3(X1, X2)
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FX1,X2,X3 = F1(X1)F2(X1, X2)F3(X1, X2)F4(X2, X3)

X1X2X3

F2F3F4 F1

X1X2X3

F4 F1F5

Cycle free Bipartite  
Graph



• A graph with no cycles (or loops) is a tree where there is one and only one 
path connecting two nodes
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X1X2X3

F2F3F4 F1

X1X2X3

F4 F1F5

Cycle free Bipartite  
Graph



• A Bayesian network can be presented as a factor graph
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X1
X2

X3

pX1,X2,X3 = pX1pX2pX3|X1,X2



• A Bayesian network can be presented as a factor graph

�191

X1
X2

X3

pX1,X2,X3 = pX1pX2pX3|X1,X2

X1X2X3

f



• The Bayesian network can be moralized to yield a Markov graph


• Then, directed and undirected graphs are
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X1
X2

X3

pX1,X2,X3 = pX1pX2pX3|X1,X2

X1
X2

X3



• A factor graph


• Conversion of directed graph to undirected resulted in cycles (loops)


• Moralization step


• Conversion to factor graph did not result in cycles 
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X1X2X3

FAFBFC

pX1,X2,X3 = pX1pX2pX3|X1,X2

X1
X2

X3



• A factor graph


• Conversion of directed graph to undirected resulted in cycles (loops)


• Moralization step


• Conversion to factor graph did not result in cycles 
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X1X2X3

FAFBFC

pX1,X2,X3 = pX1pX2pX3|X1,X2



• A factor graph


• Conversion of directed graph to undirected resulted in cycles (loops)


• Moralization step


• Conversion to factor graph did not result in cycles 
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X1X2X3

FAFBFC

pX1,X2,X3 = pX1pX2pX3|X1,X2



• Example 6.9


• Computing marginals is critical for inference


• Direct computation is prohibitively expensive
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X3

X2X1

X4

Fa Fb

Fc

pX = Fa(X1, X2)Fb(X2, X3)Fc(X2, X4)

pX2 =
X

x1,x3,x4

pX =
X

x\x2

Fa(x1, x2)Fb(x2, x3)Fc(x2, x4)



• Marginalization


• Distributive law


• (x+y)(a+b) = xa + xb+ya+yb


• 3 operations versus 7 operations
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X3

X2X1

X4

Fa Fb

Fc

pX = Fa(X1, X2)Fb(X2, X3)Fc(X2, X4)

pX2 =
X

x1,x3,x4

pX =
X

x\x2

Fa(x1, x2)Fb(x2, x3)Fc(x2, x4)

= {
X

x1

Fa(x1, x2)}{
X

x3

Fb(x2, x3)}{
X

x4

Fc(x2, x4)}



• The marginalization can be implemented efficiently with the “sum-product” 
algorithm on the factor graph


• Distributive law


• Efficient reuse of intermediate sum values


• Iterative data flow
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X3

X2X1

X4

Fa Fb

Fc

pX2 = {
X

x1

Fa(x1, x2)}{
X

x3

Fb(x2, x3)}{
X

x4

Fc(x2, x4)}



• The sum-product algorithm on the factor graph


• The root is the variable of interest and leaves are marginalized
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X3

X2X1

X4

Fa Fb

Fc

pX2 = {
X

x1

Fa(x1, x2)}{
X

x3

Fb(x2, x3)}{
X

x4

Fc(x2, x4)}

root



• The sum-product algorithm on the factor graph


• The root is the variable of interest and leaves are marginalized
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X3

X2X1

X4

Fa Fb

Fc

pX2 = {
X

x1

Fa(x1, x2)}{
X

x3

Fb(x2, x3)}{
X

x4

Fc(x2, x4)}

root leaf



• The sum-product algorithm on the factor graph


• Message passing
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X3

X2X1

X4

Fa Fb

Fc

pX2 = {
X

x1

Fa(x1, x2)}{
X

x3

Fb(x2, x3)}{
X

x4

Fc(x2, x4)}

µx1!Fa(x1) = 1

µFa!x2(x2) =
X

x1

Fa(x1, x2)

µx4!Fc(x4) = 1

µFc!x2(x2) =
X

x4

Fc(x2, x4)

µx3!Fb(x3) = 1

µFb!x2(x2) =
X

x3

Fb(x2, x3)
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• The sum-product algorithm on the factor graph


• Message passing
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X3

X2X1

X4

Fa Fb

Fc

pX2 = {
X

x1

Fa(x1, x2)}{
X

x3

Fb(x2, x3)}{
X

x4

Fc(x2, x4)}

µx1!Fa(x1) = 1

µFa!x2(x2) =
X

x1

Fa(x1, x2)

µx4!Fc(x4) = 1

µFc!x2(x2) =
X

x4

Fc(x2, x4)

µx3!Fb(x3) = 1

µFb!x2(x2) =
X

x3

Fb(x2, x3)
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initial factor



• The sum-product algorithm on the factor graph


• Message passing
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X3

X2X1

X4

Fa Fb

Fc

pX2 = {
X

x1

Fa(x1, x2)}{
X

x3

Fb(x2, x3)}{
X

x4

Fc(x2, x4)}

µx1!Fa(x1) = 1

µFa!x2(x2) =
X

x1

Fa(x1, x2)

µx4!Fc(x4) = 1

µFc!x2(x2) =
X

x4

Fc(x2, x4)

µx3!Fb(x3) = 1

µFb!x2(x2) =
X

x3

Fb(x2, x3)
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a factor and  
only a function  
of the variable  

of interest



• The sum-product algorithm on the factor graph


• Message passing
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X3

X2X1

X4

Fa Fb

Fc

pX2 = {
X

x1

Fa(x1, x2)}{
X

x3

Fb(x2, x3)}{
X

x4

Fc(x2, x4)}

µx1!Fa(x1) = 1

µFa!x2(x2) =
X

x1

Fa(x1, x2)

µx4!Fc(x4) = 1

µFc!x2(x2) =
X

x4

Fc(x2, x4)

µx3!Fb(x3) = 1

µFb!x2(x2) =
X

x3

Fb(x2, x3)
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other factors



• Message passing is done
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X3

X2X1

X4

Fa Fb

Fc

pX2 = µFa!x2(x2)µFb!x2(x2)µFc!x2(x2)

= {
X

x1

Fa(x1, x2)}{
X

x3

Fb(x2, x3)}{
X

x4

Fc(x2, x4)}

µx1!Fa(x1) = 1

µFa!x2(x2) =
X

x1

Fa(x1, x2)

µx4!Fc(x4) = 1

µFc!x2(x2) =
X

x4

Fc(x2, x4)

µx3!Fb(x3) = 1

µFb!x2(x2) =
X

x3

Fb(x2, x3)
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• The sum-product algorithm on the factor graph with different root


• The root is the variable of interest and leaves are marginalized
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X3

X2X1

X4

Fa Fb

Fc

root

leaf

pX3 = {
X

x1

X

x2

X

x4

Fc(x2, x4)Fa(x1, x2)}{
X

x2

Fb(x2, x3)}



• The sum-product algorithm on the factor graph with different root


• The message passing
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X3

X2X1

X4

Fa Fb

Fc

pX3 = {
X

x1

X

x2

X

x4

Fc(x2, x4)Fa(x1, x2)}{
X

x2

Fb(x2, x3)}

µx1!Fa(x1) = 1

µFa!x2(x2) =
X

x1

Fa(x1, x2)

µx4!Fc(x4) = 1

µFc!x2(x2) =
X

x4

Fc(x2, x4)

µx2!Fb(x2) = µFa!x2(x2)µFc!x2(x2)

µFb!x3(x3) =
X

x2

Fb(x2, x3)µx2!Fb(x2)



• The sum-product algorithm on the factor graph with different root


• The message propagates from root back to leaf nodes
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X3

X2X1

X4

Fa Fb

Fc

pX3 = {
X

x1

X

x2

X

x4

Fc(x2, x4)Fa(x1, x2)}{
X

x2

Fb(x2, x3)}

µx3!Fb(x3) = 1

µFb!x2(x2) =
X

x3

Fb(x2, x3)

µx2!Fa(x2) = µFb!x2(x2)µFc!x2(x2)

µFa!x1(x1) =
X

x2

Fa(x1, x2)µx2!Fa(x2)

µx2!Fc(x2) = µFa!x2(x2)µFb!x2(x2)

µFc!x4(x4) =
X

x2

Fc(x2, x4)µx2!Fc(x2)



• The sum-product algorithm on the factor graph with different root


• The message passing
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X3

X2X1

X4

Fa Fb

Fc

pX3 = {
X

x1

X

x2

X

x4

Fc(x2, x4)Fa(x1, x2)}{
X

x2

Fb(x2, x3)}

pX3 = µFb!x3(x3)



• Another example from earlier pages in this set
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…
X1 X2 XnXn�1

pX = pX1,X2,...,Xn = pX1pX2|X1
pX3|X2

. . . pXn|Xn�1
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pX =
1

Z
 1,2(X1, X2) 2,3(X2, X3) . . . n�1,n(Xn�1, Xn)
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• Another example from earlier pages in this set
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…
X1 X2 XnXn�1

pX =
1

Z
 1,2(X1, X2) 2,3(X2, X3) . . . n�1,n(Xn�1, Xn)
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pXk =
X

x\xk

pX =
X

x\xk

pX1,X2,...,Xn =
X

x\xk

pX1pX2|X1
pX3|X2

. . . pXn|Xn�1
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• Another example from earlier pages in this set

�212

…X1 X2 XnXn�1

pXk =
X

x\xk

pX =
X

x\xk

pX1,X2,...,Xn =
X

x\xk

pX1pX2|X1
pX3|X2

. . . pXn|Xn�1
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pXk =
1

Z
[
X

xk�1

 k�1,k(Xk�1, Xk) . . . [
X

x2

 2,3(X2, X3)[
X

x1

 1,2(X1, X2)]]]

[
X

xk+1

 k,k+1(Xk, Xk+1) . . . [
X

xn

 n�1,n(Xn�1, Xn)]]
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• If each variable takes K possible values the complexity is


• A naive computation will be exponential rather than linear


• Message passing 
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O(nK2)
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X1 X2 XnXn�1

X

x1

 1,2(x1, x2)
<latexit sha1_base64="bRtmdtVvRthBntySuHYI7W4caBQ=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahQilJEdRb0YvHCsYWmhA22027dLMJuxtpCbl68a948aDi1Z/gzX/jts1BWx8MPN6bYWZekDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D+4l3EqMHFwzGLRDZAkjHLiKKoY6SaCoChgpBOMrqd+54EISWN+pyYJ8SI04DSkGCkt+SZ0ZRr52di3c+gmkvqZXW/msKaFOhz7zVPfrFoNawa4TOyCVEGBtm9+uf0YpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1s9kkOT7TSh2EsdHEFZ+rviQxFUk6iQHdGSA3lojcV//N6qQovvIzyJFWE4/miMGVQxXAaC+xTQbBiE00QFlTfCvEQCYSVDq+iQ7AXX14mTrNx2bBvz6qtqyKNMjgCx6AGbHAOWuAGtIEDMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AE7vZhL</latexit><latexit sha1_base64="bRtmdtVvRthBntySuHYI7W4caBQ=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahQilJEdRb0YvHCsYWmhA22027dLMJuxtpCbl68a948aDi1Z/gzX/jts1BWx8MPN6bYWZekDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D+4l3EqMHFwzGLRDZAkjHLiKKoY6SaCoChgpBOMrqd+54EISWN+pyYJ8SI04DSkGCkt+SZ0ZRr52di3c+gmkvqZXW/msKaFOhz7zVPfrFoNawa4TOyCVEGBtm9+uf0YpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1s9kkOT7TSh2EsdHEFZ+rviQxFUk6iQHdGSA3lojcV//N6qQovvIzyJFWE4/miMGVQxXAaC+xTQbBiE00QFlTfCvEQCYSVDq+iQ7AXX14mTrNx2bBvz6qtqyKNMjgCx6AGbHAOWuAGtIEDMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AE7vZhL</latexit><latexit sha1_base64="bRtmdtVvRthBntySuHYI7W4caBQ=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahQilJEdRb0YvHCsYWmhA22027dLMJuxtpCbl68a948aDi1Z/gzX/jts1BWx8MPN6bYWZekDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D+4l3EqMHFwzGLRDZAkjHLiKKoY6SaCoChgpBOMrqd+54EISWN+pyYJ8SI04DSkGCkt+SZ0ZRr52di3c+gmkvqZXW/msKaFOhz7zVPfrFoNawa4TOyCVEGBtm9+uf0YpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1s9kkOT7TSh2EsdHEFZ+rviQxFUk6iQHdGSA3lojcV//N6qQovvIzyJFWE4/miMGVQxXAaC+xTQbBiE00QFlTfCvEQCYSVDq+iQ7AXX14mTrNx2bBvz6qtqyKNMjgCx6AGbHAOWuAGtIEDMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AE7vZhL</latexit><latexit sha1_base64="bRtmdtVvRthBntySuHYI7W4caBQ=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahQilJEdRb0YvHCsYWmhA22027dLMJuxtpCbl68a948aDi1Z/gzX/jts1BWx8MPN6bYWZekDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D+4l3EqMHFwzGLRDZAkjHLiKKoY6SaCoChgpBOMrqd+54EISWN+pyYJ8SI04DSkGCkt+SZ0ZRr52di3c+gmkvqZXW/msKaFOhz7zVPfrFoNawa4TOyCVEGBtm9+uf0YpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1s9kkOT7TSh2EsdHEFZ+rviQxFUk6iQHdGSA3lojcV//N6qQovvIzyJFWE4/miMGVQxXAaC+xTQbBiE00QFlTfCvEQCYSVDq+iQ7AXX14mTrNx2bBvz6qtqyKNMjgCx6AGbHAOWuAGtIEDMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AE7vZhL</latexit>



• If each variable takes K possible values the complexity is


• A naive computation will be exponential rather than linear


• Message passing 
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O(nK2)
<latexit sha1_base64="acudwBHBpZFhuUlkpFPsVRxnyYs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEdRb0YvgwQqurbRryaZpG5pklyQrlKW/wosHFa/+HW/+G9N2D9r6YODx3gwz88KYM21c99vJLS2vrK7l1wsbm1vbO8XdvXsdJYpQn0Q8Us0Qa8qZpL5hhtNmrCgWIaeNcHg58RtPVGkWyTszimkgcF+yHiPYWOnhBpUlun6sHneKJbfiToEWiZeREmSod4pf7W5EEkGlIRxr3fLc2AQpVoYRTseFdqJpjMkQ92nLUokF1UE6PXiMjqzSRb1I2ZIGTdXfEykWWo9EaDsFNgM9703E/7xWYnpnQcpknBgqyWxRL+HIRGjyPeoyRYnhI0swUczeisgAK0yMzahgQ/DmX14kfrVyXvFuT0q1iyyNPBzAIZTBg1OowRXUwQcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8Te47R</latexit><latexit sha1_base64="acudwBHBpZFhuUlkpFPsVRxnyYs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEdRb0YvgwQqurbRryaZpG5pklyQrlKW/wosHFa/+HW/+G9N2D9r6YODx3gwz88KYM21c99vJLS2vrK7l1wsbm1vbO8XdvXsdJYpQn0Q8Us0Qa8qZpL5hhtNmrCgWIaeNcHg58RtPVGkWyTszimkgcF+yHiPYWOnhBpUlun6sHneKJbfiToEWiZeREmSod4pf7W5EEkGlIRxr3fLc2AQpVoYRTseFdqJpjMkQ92nLUokF1UE6PXiMjqzSRb1I2ZIGTdXfEykWWo9EaDsFNgM9703E/7xWYnpnQcpknBgqyWxRL+HIRGjyPeoyRYnhI0swUczeisgAK0yMzahgQ/DmX14kfrVyXvFuT0q1iyyNPBzAIZTBg1OowRXUwQcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8Te47R</latexit><latexit sha1_base64="acudwBHBpZFhuUlkpFPsVRxnyYs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEdRb0YvgwQqurbRryaZpG5pklyQrlKW/wosHFa/+HW/+G9N2D9r6YODx3gwz88KYM21c99vJLS2vrK7l1wsbm1vbO8XdvXsdJYpQn0Q8Us0Qa8qZpL5hhtNmrCgWIaeNcHg58RtPVGkWyTszimkgcF+yHiPYWOnhBpUlun6sHneKJbfiToEWiZeREmSod4pf7W5EEkGlIRxr3fLc2AQpVoYRTseFdqJpjMkQ92nLUokF1UE6PXiMjqzSRb1I2ZIGTdXfEykWWo9EaDsFNgM9703E/7xWYnpnQcpknBgqyWxRL+HIRGjyPeoyRYnhI0swUczeisgAK0yMzahgQ/DmX14kfrVyXvFuT0q1iyyNPBzAIZTBg1OowRXUwQcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8Te47R</latexit><latexit sha1_base64="acudwBHBpZFhuUlkpFPsVRxnyYs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEdRb0YvgwQqurbRryaZpG5pklyQrlKW/wosHFa/+HW/+G9N2D9r6YODx3gwz88KYM21c99vJLS2vrK7l1wsbm1vbO8XdvXsdJYpQn0Q8Us0Qa8qZpL5hhtNmrCgWIaeNcHg58RtPVGkWyTszimkgcF+yHiPYWOnhBpUlun6sHneKJbfiToEWiZeREmSod4pf7W5EEkGlIRxr3fLc2AQpVoYRTseFdqJpjMkQ92nLUokF1UE6PXiMjqzSRb1I2ZIGTdXfEykWWo9EaDsFNgM9703E/7xWYnpnQcpknBgqyWxRL+HIRGjyPeoyRYnhI0swUczeisgAK0yMzahgQ/DmX14kfrVyXvFuT0q1iyyNPBzAIZTBg1OowRXUwQcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8Te47R</latexit>

…
X1 X2 XnXn�1

X

x1

 1,2(x1, x2)
<latexit sha1_base64="bRtmdtVvRthBntySuHYI7W4caBQ=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahQilJEdRb0YvHCsYWmhA22027dLMJuxtpCbl68a948aDi1Z/gzX/jts1BWx8MPN6bYWZekDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D+4l3EqMHFwzGLRDZAkjHLiKKoY6SaCoChgpBOMrqd+54EISWN+pyYJ8SI04DSkGCkt+SZ0ZRr52di3c+gmkvqZXW/msKaFOhz7zVPfrFoNawa4TOyCVEGBtm9+uf0YpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1s9kkOT7TSh2EsdHEFZ+rviQxFUk6iQHdGSA3lojcV//N6qQovvIzyJFWE4/miMGVQxXAaC+xTQbBiE00QFlTfCvEQCYSVDq+iQ7AXX14mTrNx2bBvz6qtqyKNMjgCx6AGbHAOWuAGtIEDMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AE7vZhL</latexit><latexit sha1_base64="bRtmdtVvRthBntySuHYI7W4caBQ=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahQilJEdRb0YvHCsYWmhA22027dLMJuxtpCbl68a948aDi1Z/gzX/jts1BWx8MPN6bYWZekDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D+4l3EqMHFwzGLRDZAkjHLiKKoY6SaCoChgpBOMrqd+54EISWN+pyYJ8SI04DSkGCkt+SZ0ZRr52di3c+gmkvqZXW/msKaFOhz7zVPfrFoNawa4TOyCVEGBtm9+uf0YpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1s9kkOT7TSh2EsdHEFZ+rviQxFUk6iQHdGSA3lojcV//N6qQovvIzyJFWE4/miMGVQxXAaC+xTQbBiE00QFlTfCvEQCYSVDq+iQ7AXX14mTrNx2bBvz6qtqyKNMjgCx6AGbHAOWuAGtIEDMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AE7vZhL</latexit><latexit sha1_base64="bRtmdtVvRthBntySuHYI7W4caBQ=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahQilJEdRb0YvHCsYWmhA22027dLMJuxtpCbl68a948aDi1Z/gzX/jts1BWx8MPN6bYWZekDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D+4l3EqMHFwzGLRDZAkjHLiKKoY6SaCoChgpBOMrqd+54EISWN+pyYJ8SI04DSkGCkt+SZ0ZRr52di3c+gmkvqZXW/msKaFOhz7zVPfrFoNawa4TOyCVEGBtm9+uf0YpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1s9kkOT7TSh2EsdHEFZ+rviQxFUk6iQHdGSA3lojcV//N6qQovvIzyJFWE4/miMGVQxXAaC+xTQbBiE00QFlTfCvEQCYSVDq+iQ7AXX14mTrNx2bBvz6qtqyKNMjgCx6AGbHAOWuAGtIEDMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AE7vZhL</latexit><latexit sha1_base64="bRtmdtVvRthBntySuHYI7W4caBQ=">AAACCHicbVBNS8NAEN3Ur1q/oh69LBahQilJEdRb0YvHCsYWmhA22027dLMJuxtpCbl68a948aDi1Z/gzX/jts1BWx8MPN6bYWZekDAqlWV9G6WV1bX1jfJmZWt7Z3fP3D+4l3EqMHFwzGLRDZAkjHLiKKoY6SaCoChgpBOMrqd+54EISWN+pyYJ8SI04DSkGCkt+SZ0ZRr52di3c+gmkvqZXW/msKaFOhz7zVPfrFoNawa4TOyCVEGBtm9+uf0YpxHhCjMkZc+2EuVlSCiKGckrbipJgvAIDUhPU44iIr1s9kkOT7TSh2EsdHEFZ+rviQxFUk6iQHdGSA3lojcV//N6qQovvIzyJFWE4/miMGVQxXAaC+xTQbBiE00QFlTfCvEQCYSVDq+iQ7AXX14mTrNx2bBvz6qtqyKNMjgCx6AGbHAOWuAGtIEDMHgEz+AVvBlPxovxbnzMW0tGMXMI/sD4/AE7vZhL</latexit>

X

x2

 2,3(x2, x3)
X

x1

 1,2(x1, x2)
<latexit sha1_base64="B6qBCZO2C0dAcjhaUhckKYUB840=">AAACKXicbVDLTsJAFJ3iC/FVdelmIjGBhJC2mKg71I1LTKyQAGmmwwATpo/MTA2k6fe48VfcsPC19UccSkkUPMkkJ+ecmzv3uCGjQhrGp5ZbW9/Y3MpvF3Z29/YP9MOjRxFEHBMbByzgLRcJwqhPbEklI62QE+S5jDTd0e3Mbz4RLmjgP8hJSLoeGvi0TzGSSnL0646IPCceO1YCO6GgTmxVagksKaECx06tDBcBcxEwK1YaMGcBq+zoRaNqpICrxMxIEWRoOPq00wtw5BFfYoaEaJtGKLsx4pJiRpJCJxIkRHiEBqStqI88IrpxemoCz5TSg/2Aq+dLmKq/J2LkCTHxXJX0kByKZW8m/ue1I9m/7MbUDyNJfDxf1I8YlAGc9QZ7lBMs2UQRhDlVf4V4iDjCUrVbUCWYyyevEtuqXlXN+/Ni/SZrIw9OwCkoARNcgDq4Aw1gAwyewSt4A+/aizbVPrSveTSnZTPH4A+07x9N1aRG</latexit><latexit sha1_base64="B6qBCZO2C0dAcjhaUhckKYUB840=">AAACKXicbVDLTsJAFJ3iC/FVdelmIjGBhJC2mKg71I1LTKyQAGmmwwATpo/MTA2k6fe48VfcsPC19UccSkkUPMkkJ+ecmzv3uCGjQhrGp5ZbW9/Y3MpvF3Z29/YP9MOjRxFEHBMbByzgLRcJwqhPbEklI62QE+S5jDTd0e3Mbz4RLmjgP8hJSLoeGvi0TzGSSnL0646IPCceO1YCO6GgTmxVagksKaECx06tDBcBcxEwK1YaMGcBq+zoRaNqpICrxMxIEWRoOPq00wtw5BFfYoaEaJtGKLsx4pJiRpJCJxIkRHiEBqStqI88IrpxemoCz5TSg/2Aq+dLmKq/J2LkCTHxXJX0kByKZW8m/ue1I9m/7MbUDyNJfDxf1I8YlAGc9QZ7lBMs2UQRhDlVf4V4iDjCUrVbUCWYyyevEtuqXlXN+/Ni/SZrIw9OwCkoARNcgDq4Aw1gAwyewSt4A+/aizbVPrSveTSnZTPH4A+07x9N1aRG</latexit><latexit sha1_base64="B6qBCZO2C0dAcjhaUhckKYUB840=">AAACKXicbVDLTsJAFJ3iC/FVdelmIjGBhJC2mKg71I1LTKyQAGmmwwATpo/MTA2k6fe48VfcsPC19UccSkkUPMkkJ+ecmzv3uCGjQhrGp5ZbW9/Y3MpvF3Z29/YP9MOjRxFEHBMbByzgLRcJwqhPbEklI62QE+S5jDTd0e3Mbz4RLmjgP8hJSLoeGvi0TzGSSnL0646IPCceO1YCO6GgTmxVagksKaECx06tDBcBcxEwK1YaMGcBq+zoRaNqpICrxMxIEWRoOPq00wtw5BFfYoaEaJtGKLsx4pJiRpJCJxIkRHiEBqStqI88IrpxemoCz5TSg/2Aq+dLmKq/J2LkCTHxXJX0kByKZW8m/ue1I9m/7MbUDyNJfDxf1I8YlAGc9QZ7lBMs2UQRhDlVf4V4iDjCUrVbUCWYyyevEtuqXlXN+/Ni/SZrIw9OwCkoARNcgDq4Aw1gAwyewSt4A+/aizbVPrSveTSnZTPH4A+07x9N1aRG</latexit><latexit sha1_base64="B6qBCZO2C0dAcjhaUhckKYUB840=">AAACKXicbVDLTsJAFJ3iC/FVdelmIjGBhJC2mKg71I1LTKyQAGmmwwATpo/MTA2k6fe48VfcsPC19UccSkkUPMkkJ+ecmzv3uCGjQhrGp5ZbW9/Y3MpvF3Z29/YP9MOjRxFEHBMbByzgLRcJwqhPbEklI62QE+S5jDTd0e3Mbz4RLmjgP8hJSLoeGvi0TzGSSnL0646IPCceO1YCO6GgTmxVagksKaECx06tDBcBcxEwK1YaMGcBq+zoRaNqpICrxMxIEWRoOPq00wtw5BFfYoaEaJtGKLsx4pJiRpJCJxIkRHiEBqStqI88IrpxemoCz5TSg/2Aq+dLmKq/J2LkCTHxXJX0kByKZW8m/ue1I9m/7MbUDyNJfDxf1I8YlAGc9QZ7lBMs2UQRhDlVf4V4iDjCUrVbUCWYyyevEtuqXlXN+/Ni/SZrIw9OwCkoARNcgDq4Aw1gAwyewSt4A+/aizbVPrSveTSnZTPH4A+07x9N1aRG</latexit>



• If each variable takes K possible values the complexity is


• A naive computation will be exponential rather than linear


• Message passing 

�215

O(nK2)
<latexit sha1_base64="acudwBHBpZFhuUlkpFPsVRxnyYs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEdRb0YvgwQqurbRryaZpG5pklyQrlKW/wosHFa/+HW/+G9N2D9r6YODx3gwz88KYM21c99vJLS2vrK7l1wsbm1vbO8XdvXsdJYpQn0Q8Us0Qa8qZpL5hhtNmrCgWIaeNcHg58RtPVGkWyTszimkgcF+yHiPYWOnhBpUlun6sHneKJbfiToEWiZeREmSod4pf7W5EEkGlIRxr3fLc2AQpVoYRTseFdqJpjMkQ92nLUokF1UE6PXiMjqzSRb1I2ZIGTdXfEykWWo9EaDsFNgM9703E/7xWYnpnQcpknBgqyWxRL+HIRGjyPeoyRYnhI0swUczeisgAK0yMzahgQ/DmX14kfrVyXvFuT0q1iyyNPBzAIZTBg1OowRXUwQcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8Te47R</latexit><latexit sha1_base64="acudwBHBpZFhuUlkpFPsVRxnyYs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEdRb0YvgwQqurbRryaZpG5pklyQrlKW/wosHFa/+HW/+G9N2D9r6YODx3gwz88KYM21c99vJLS2vrK7l1wsbm1vbO8XdvXsdJYpQn0Q8Us0Qa8qZpL5hhtNmrCgWIaeNcHg58RtPVGkWyTszimkgcF+yHiPYWOnhBpUlun6sHneKJbfiToEWiZeREmSod4pf7W5EEkGlIRxr3fLc2AQpVoYRTseFdqJpjMkQ92nLUokF1UE6PXiMjqzSRb1I2ZIGTdXfEykWWo9EaDsFNgM9703E/7xWYnpnQcpknBgqyWxRL+HIRGjyPeoyRYnhI0swUczeisgAK0yMzahgQ/DmX14kfrVyXvFuT0q1iyyNPBzAIZTBg1OowRXUwQcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8Te47R</latexit><latexit sha1_base64="acudwBHBpZFhuUlkpFPsVRxnyYs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEdRb0YvgwQqurbRryaZpG5pklyQrlKW/wosHFa/+HW/+G9N2D9r6YODx3gwz88KYM21c99vJLS2vrK7l1wsbm1vbO8XdvXsdJYpQn0Q8Us0Qa8qZpL5hhtNmrCgWIaeNcHg58RtPVGkWyTszimkgcF+yHiPYWOnhBpUlun6sHneKJbfiToEWiZeREmSod4pf7W5EEkGlIRxr3fLc2AQpVoYRTseFdqJpjMkQ92nLUokF1UE6PXiMjqzSRb1I2ZIGTdXfEykWWo9EaDsFNgM9703E/7xWYnpnQcpknBgqyWxRL+HIRGjyPeoyRYnhI0swUczeisgAK0yMzahgQ/DmX14kfrVyXvFuT0q1iyyNPBzAIZTBg1OowRXUwQcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8Te47R</latexit><latexit sha1_base64="acudwBHBpZFhuUlkpFPsVRxnyYs=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuEdRb0YvgwQqurbRryaZpG5pklyQrlKW/wosHFa/+HW/+G9N2D9r6YODx3gwz88KYM21c99vJLS2vrK7l1wsbm1vbO8XdvXsdJYpQn0Q8Us0Qa8qZpL5hhtNmrCgWIaeNcHg58RtPVGkWyTszimkgcF+yHiPYWOnhBpUlun6sHneKJbfiToEWiZeREmSod4pf7W5EEkGlIRxr3fLc2AQpVoYRTseFdqJpjMkQ92nLUokF1UE6PXiMjqzSRb1I2ZIGTdXfEykWWo9EaDsFNgM9703E/7xWYnpnQcpknBgqyWxRL+HIRGjyPeoyRYnhI0swUczeisgAK0yMzahgQ/DmX14kfrVyXvFuT0q1iyyNPBzAIZTBg1OowRXUwQcCAp7hFd4c5bw4787HrDXnZDP78AfO5w8Te47R</latexit>

…
X1 X2 XnXn�1



• Recall that factor graphs are ideal tools to describe


• Note that the sum-product algorithm is ideal for computing marginals


• The max-sum algorithm is ideal for computing
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pX

pX2

X⇤ = argmax
X

pX

pX⇤ = max
X

pX



• The max-sum algorithm is ideal for computing


• Then, similar to distributive law


• Note that the probability mass function could be factored


• Leading to an efficient implementation
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X⇤ = argmax
X

pX

p⇤Xk
= max

X\xk

pX

argmax
X

pX = (argmax p⇤X1
argmax p⇤X2

. . . argmax p⇤Xn
)

pX =
Y

s

fs(Xs)



• Graphical modeling for inference


• Bayesian networks


• Markov random fields


• Factor graphs 
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• Example 6.10
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